
Heat, Mass, and Momentum Transfer Marcus N. Bannerman

This document contains the tutorial and past exam questions for the 15-credit Heat, Mass,
and Momentum Transfer course delivered at the University of Aberdeen.

The recommended questions you should solve for each week are marked Recommended
and are linked below:

• Tutorial 1: Q. 1.1 to Q. 1.11.

• Tutorial 2: Q. 2.13 and Q. 2.14.

• Tutorial 3: Q. 2.15 and Q. 3.20.

• Tutorial 4: Q. 4.28 and Q. 4.31.

• Tutorial 5: Q. 5.33, Q. 5.34, and Q. 5.36.

• Tutorial 6: Q. 5.38 and Q. 5.43.

• Tutorial 7: Most questions in Week. 7.

• Tutorial 8: Most questions in Week. 8.

• Tutorial 9: Q. 9.76, Q. 9.77, and Q. 9.80.

• Tutorial 10: Q. 10.82, Q. 10.84, and Q. 10.85.

Any other questions are past exam questions, class examples, or others and are provided
for additional practice and should help you to explore all aspects of the course.

Fully worked solutions are available but you should attempt the problems without the solu-
tions, its the only way to find out what you don’t know! w

Where marks are given, these are indicative of the relative weighting each part of a question
might have. Please note, the number of questions in an exam (and exam durations) have
changed over the years, so the overall marks for a question may now be different to what is
reported here.
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Part I

Questions

1 Week 1: Fundamentals

Question 1.1 Recommended
Your house is 18◦C inside when it is 4◦C outside. If your walls are 20 cm thick and have a
thermal conductivity of 0.03 W m−1 K−1, calculate the heat lost per unit area of wall.
Notes: The heat transfer rate per unit area of wall, q (W m−2), is given by:

q = U ∆T

where U (W m−2 K−1) is the heat transfer coefficient, and ∆T is the driving temperature
difference. For solid, rectangular walls U = k/L, where k is the thermal conductivity and L is
the wall thickness.

[Question end]

Question 1.2 Recommended
Model your house as a box 10 m×10 m×10 m and calculate the heat transfer from its side
walls, is this estimate reasonable? What natural effects are missing from this model?
Notes: For simple heat transfer, the total heat transfer Q (W) is given by:

Q = q A = U A∆T (1)

[Question end]

Question 1.3 Recommended
What is the pressure at the bottom of the Mariana Trench (the deepest part of the ocean)?
Note: Its depth is 10.911 km and you may assume the density of water is roughly constant
at ρ = 1000 kg m−3.
Bernoulli’s equation is

1
2
ρ1 v2

1 + p1 + ρ1 g h1 =
1
2
ρ2 v2

2 + p2 + ρ2 g h2 (2)

[Question end]

Question 1.4 Recommended
Assuming that blood has a density of 1060 kg m−3, what is the maximum height your heart
can lift your blood, given that a typical driving pressure of the heart is 100 mmHg (0.13 bar)?
Note: You can use Bernoulli’s equation and as you’re looking for the maximum height, you
may treat the blood as stationary at both ends.

[Question end]
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Question 1.5 Recommended
Write the following expressions in index notation, and state whether the answer is a scalar,
vector, or matrix.

a) a + b

b) ab

c) c · ab

d) a · A

e) A · b

f) a2

g) A2 · b

h) abc · A · d

i) ∇ · bc

[Question end]

Question 1.6 Recommended
Given a = [1, 2, 3] and b = [4, 5, 6], calculate the following

a) a + b

b) 4 a

c) a · b

d) a2

e) ∇ · b

f) ∇b

[Question end]

Question 1.7 Recommended
Write the following expressions in vector notation.

a) al bj

b) ak bk

c) bj Aij ai

d) ai bj ck

e) ai bj ai

f) ai (∂bj/∂ri)

[Question end]
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Question 1.8 Recommended
The del operator (∇ = ∂/∂ri) is a “vector” version of the derivative. Like the normal derivative
operation, it has a product rule. Prove the following identity:

∇ · ab = b∇ · a + a · ∇b

Hint: Use index notation, treat ai and bi as functions of x , y , z, and use the normal product
rule!

[Question end]

Question 1.9 Recommended
Using index notation, prove the following vector calculus identity:

∇2 f g = f ∇2 g + 2(∇ f ) · (∇g) + g ∇2 f

[5 marks]
Note: You must treat f and g as functions of x , y , z.

[Question total: 5 marks]

Question 1.10 Recommended
Solve the following integration and differentiation problems:

a)
∫

r dr r

b)
∫∫

θ dθ dr

c)
∫ B

A y−1dy

d)
∫

x sin x dx (hint: by parts)

e) ∇ · r where r = [x , y , z]

f) ∇r where r = [x , y , z]

[Question end]

Question 1.11 Recommended
Solve the following integration problem by using a variable substitution of η = y/H.∫ H

0

(
A

y2

H2 + B
y
H

)
dy

[Question end]

2 Week 2: Continuity and Momentum Equations

Question 2.12
Using a Cartesian control volume (as illustrated in Fig. 1):

a) Derive the general advection-diffusion equation for a property B, including a source term,
σB. [12 marks]

b) Set B = mass and derive the continuity equation. [8 marks]
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Figure 1: A differential balance of flow property B in cartesian coordinates.

[Question total: 20 marks]

Question 2.13 Recommended
Using index notation:

a) Write down the continuity equation (Eq. (19)).

b) Write down the Cauchy momentum equation.

[Question end]

Question 2.14 Recommended
In a plate heat-exchanger, water is heated by forcing it between alternating plates and heat
is exchanged through the walls with a hot process stream. In order to design such an
exchanger, we need to know what the relationship is between pressure drop, flow velocity,
and volumetric flow-rate.

Figure 2: A plate heat exchanger (left) and the simplification to steady state, pressure driven
flow between two horizontal plates (right).

You may neglect the effect of heat transfer on the flow. Water is incompressible and Newto-
nian to a good approximation. For simplicity, you can also assume that the flow is laminar.

a) Simplify the continuity equation for this system:

∂ρ

∂t
= −∇ · ρv

What does your result state about the flow velocity in the x-direction? [4 marks]
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b) Simplify the x-component of the Cauchy momentum equation:

ρ
∂v
∂t

= −ρv · ∇v −∇ · τ −∇ p + ρg

Derive the following balance expression for the flow velocity vx as a function of the pres-
sure drop and position y : [6 marks]

µ
∂2vx

∂y2 =
∂p
∂x

c) Continuing from the result of the previous question, derive the following expression for the
velocity vx as a function of y using the no-slip boundary condition at the plate surfaces
(vx = 0 at y = 0 and y = H). [6 marks]

vx =
pout − pin

2µL
(y2 − H y)

d) Integrate the velocity over the plate height and width to prove the following expression for
the volumetric flow of liquid through the gap as a function of pressure drop: [4 marks]

V̇x =
Z H3

12µ

∆P
L

e) Extra credit: Assume that somehow, the top plate is set in motion with a velocity uplate in
the x-direction. Derive the following new expression for the velocity between the plates:

vx =
pout − pin

2µL
(y2 − H y) +

y
H

uplate

[Question total: 20 marks]

Question 2.15 Recommended
A plate heat exchanger is used to heat water inside a condensing reboiler (a modern central
heating boiler). Water flows through both sides of the exchanger. The exchanger consists
of 8 channels (4 per side) each with a gap of 1 mm between the plates. Plates may be
modelled as 30cm long in the direction of flow and 10 cm wide.

a) If the water pressure drops by 0.06 bar across one side of the exchanger, what is the res-
ultant volumetric flow of water? You may assume an effective viscosity of µ ≈ 0.5 mPa s
and a density of ρ = 1000 kg m−3.

b) State all of the assumptions that have you made in this estimate.

c) Is this likely to be an over or under-estimation of the flow rate?

[Question end]
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Figure 3: Water flowing down an inclined plane.

Question 2.16
Water is overflowing a dam and down an inclined slope (see Fig. 3). The surface of the dam
can be idealised as a rectangular plane which is symmetric in the z-direction, and (for now)
only laminar flow is being considered.

a) Simplify the continuity equation for this system and state any assumptions you make.
[6 marks]

b) Derive the following results from the Cauchy momentum equation and the general form
of Newton’s law of viscosity: [10 marks]

∂τyx

∂y
= ρgx τyx = −µ

∂vx

∂y
.

c) Define your boundary conditions and derive the following expression for the velocity pro-
file, [9 marks]

vx =
ρgx

µ

(
Y y − y2

2

)
d) Use an integration of the velocity over the flow area to determine the following expression

for the volumetric flow rate, [6 marks]

V̇x =
ρgx Y 3 Z

3µ
.

e) Provide an expression for the maximum flow velocity. [2 marks]

[Question total: 33 marks]

Question 2.17
Engineers in a pasta factory are drying and stretching a wide continuous sheet of pasta
dough by passing it back and forth in air using a series of rollers (see Fig. 4). They decide
to model the air gap between two pasta sheets to determine the stress from air friction.
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Figure 4: An illustration of the drying system (left) and a close up of the air gap between
sheets of pasta dough moving in opposite directions.

For this simple analysis, you may assume the air is incompressible, the sheets are rectan-
gular, parallel, horizontal, and sufficiently large to ignore the end effects of the edges and
rollers. There is also no pressure gradient driving the flow of air. You may need to make
additional assumptions. Be sure to exactly state when approximations are made, when any
assumptions are needed, and exactly what terms are affected by the assumptions during
your workings.

a) Start by simplifying the continuity equation for this system.

∂ρ

∂t
= −∇ · ρv

What does your result state about the flow velocity in the x-direction? [5 marks]

b) Simplify the x-component of the Cauchy momentum equation:

ρ
∂v
∂t

= −ρv · ∇v −∇ · τ −∇ p + ρg

and derive the following expression for the flow velocity vx as a function of the position y :
[5 marks]

∂τyx

∂y
= −µ

∂

∂y
∂vx

∂y
= 0

c) Continuing from the result of the previous question, derive the following expressions for
the stress τyx and velocity vx as a function of y using the no-slip boundary condition at
the pasta surface, vx (y = 0) = −U and vx (y = H) = +U. [5 marks]

τyx = −2 U µ

H
vx = 2 U

( y
H

− 1
)

d) Consider now a single pasta sheet in the middle of the machine which is being stressed
on both sides by the friction of the air. If the sheets are 5mm thick, stretched 1 m long
between rollers, with a width of 30 cm, and separated by a distance H = 0.1 m, then
what is the total air stress in Newtons on a single span? You may assume the air has
a dynamic viscosity of µ = 1.8 × 10−5 Pa s and the sheets are moving at |U| = 1m s−1.

[5 marks]

[Question total: 20 marks]
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Question 2.18 Recommended
Two immiscible incompressible Newtonian fluids flow co-currently in a horizontal plane chan-
nel, as shown in Fig. 5. The density and viscosity of fluid 1 are ρ1 and µ1, respectively; the
density and viscosity of fluid 2 are ρ2 and µ2. This is the simplest example of multiphase
flow, and is one of the few systems with an analytical solution. Each phase must be solved
separately (two Continuity/Cauchy equations) as they only interact with each other through
their boundary conditions. Assuming the two fluids are liquids (not liquid gas), we can apply
a no-slip condition between the two phases at y = h (the velocities of the two phases are
equal). We also know that the stresses are equal at the interface from Newton’s third law of
motion.

Figure 5: Flow of two immiscible fluids in a planar channel.

a) Derive the following expressions for the velocity distributions in each fluid.

vx ,1(y ) = −∆pH2

2µ1L

(
1 − y

H

) [
1 + A1 +

y
H

]
(3)

vx ,2(y ) =
∆pH2

2µ2L

( y
H

)( y
H

+ A1

)
(4)

where

A1 = −
[
1 +

(
µ1

µ2
− 1

)
h2

H2

] [
1 +

(
µ1

µ2
− 1

)
h
H

]−1

(5)

Clearly state what assumptions you make along the way.

b) Derive the volumetric flow rate of each phase and give the ratio of the two flow rates. The
answer is:

V̇1

V̇2
= −3µ2

µ1

H3

h3

[
(1 + A1)

(
1 − h

H

)
− A1

2

(
1 − h2

H2

)
− 1

3

(
1 − h3

H3

)]
×

[
1 + A1

3
2

H
h

]−1 (6)

c) Compare the expression above for the ratio of the volumetric flows, to the ratio of the
channel occupied by the flow ((H − h)/h). Why do these differ? What does this imply for
gas-liquid systems?

[Question end]
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3 Week 3: Curved coordinate systems

Question 3.19
Consider pressure-driven flow along a horizontal pipe, as illustrated in Fig. 6.

Figure 6: An illustration of pipe flow.

a) Simplify the continuity equation for this system, what does it tell you about the flow?
Remember to make your assumptions and their effects clear. [6 marks]

b) Derive the following differential equation from the Cauchy momentum equation.

1
r
∂

∂r
(rτrz) = −∂p

∂z

Remember to make your assumptions and their effects clear. [7 marks]

c) Determine the following expression for the stress profile.

τrz = −∆p
2 L

r

[3 marks]

d) Demonstrate that the velocity profile is as given below.

vz =
∆p

4µL
(
r 2 − R2)

[4 marks]

[Question total: 20 marks]

Question 3.20 Recommended
An annulus (see Fig. 7) is a very common flow configuration where a fluid is flowing between
two concentric pipes. Real examples of annuli include oil and gas wells and concentric-tube
heat-exchangers in air conditioners. A “completed” oil-well may consist of up to 3 annuli
around the central “production” pipe. We need design equations to calculate the relationship
between pressure drop and volumetric flow-rate.
Assuming we have a steady-state, laminar, incompressible, and well-developed flow inside
an annulus:

a) Demonstrate that the continuity equation simplifies to the following expression.

∂vz

∂z
= 0

State your interpretation of this expression.
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Figure 7: An annular flow geometry.

b) Simplify the Cauchy momentum balance equation to yield the following result.

0 = −1
r
∂

∂r
(r τrz) −

∂p
∂z

+ ρgz

c) Integrate the equation to express it in terms of the pressure drop over the length of the
annulus. Give reasons why the stress term τrz is independent of z.

∆p
L

= −1
r
∂

∂r
(r τrz) + ρgz

d) Solve the above equation for the stress profile in an annulus using the assumed boundary
condition that the stress is zero at a critical radius r = λR. Prove that it is the following
expression:

τrz =
1
2

(
ρgz −

∆p
L

)(
r − λ2 R2

0

r

)
Note: The critical radius λR is the location of the maximum velocity, and will be determ-
ined once the viscous model is inserted.

e) Solve for the velocity profile by assuming the fluid is Newtonian. Try to rearrange the
result of the integration into the following convenient form:

vz = −R2

4µ

(
ρgz −

∆p
L

)(
r 2

R2 − 2λ2 ln
( r

R

)
+ C

)
f) Using the no slip boundary condition at r = R and r = κR, solve for the unknown con-

stants C and λ in the above equation and generate the final expression.

[Question end]

Question 3.21
An evaporative cooler is sketched in Fig. 8. The process functions by first pumping water

up a vertical pipe and then allowing it to flow down the exterior of the pipe. The properties of
the external film flow are essential for the design of such a cooler.
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Figure 8: A sketch of the evaporative cooler

a) Simplify the continuity equation for this system. What are your assumptions and what
does your result tell you about the flow along the pipe? [5 marks]

b) Derive the following equation for the stress profile from the general momentum balance
equation (Eq. (21)). State any additional assumptions you make.

1
r
∂

∂r
(r τrz) = ρgz

[6 marks]

c) Solve the equation for the stress profile to obtain the following velocity profile for the flow.

vz =
ρg R2

4µ

(
1 −

( r
R

)2
+ 2λ2 ln

( r
R

))
[9 marks]

[Question total: 20 marks]

Question 3.22
A Couette viscometer tests the viscous behaviour of a fluid using rotational shear in an
annulus (see Fig. 9). The fluid is sheared by rotating the outer wall at an angular velocity
of Ωθ, giving vθ(r = R) = Ωθ R. The inner cylinder is held stationary, giving vθ(r = κR) = 0.
There is no flow along the axis of the annulus.

a) Derive the following expression by solving the continuity equation, given in Eq. (19), for
this system.

∂vθ

∂θ
= 0 (7)

Clearly state any assumptions you make. What does this tell you about the flow? [5 marks]
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Figure 9: A simplified diagram of a Couette viscometer.

b) The velocity profile of the system is given by the following expression:

vθ = Ω0 R
κR

r − r
κR

κ− 1/κ
(8)

Derive the following expression for the stress profile in the system.

τrθ = 2
µΩ0 κ

2

κ2 − 1
R2

r 2 (9)

[10 marks]

c) Derive the following expression for the torque exerted on the outer surface (r = R) to keep
the fluid in motion.

T = 4π R2 L
µΩ0 κ

2

κ2 − 1

where L is the length of the viscometer.
Note: The torque is the total magnitude of a tangential force, such as the viscous stress
τrθ, multiplied by the radial distance at which it acts. [3 marks]

d) The torque is measured during the operation of the viscometer. How are the viscous
properties of the flow determined? [2 marks]

[Question total: 20 marks]

Question 3.23
Coil-tubing is being removed from an oil and gas well. This may be modelled as a cylindrical
rod, radius R1, moving upwards along the axis of a vertical cylindrical tube with inner radius
R2, at velocity, U (see Fig. 10). Water flows freely in the annular gap between the rod and
the tube wall.
Note: You may ignore the effects of pressure gradients in this question.

a) Define the coordinate system you will use and the boundary conditions of the flow.
[3 marks]

b) Simplify the continuity equation for this system. What are your assumptions and what
does your result tell you about the flow along the annulus? [4 marks]
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Figure 10: Flow of water within a vertical annulus.

c) Derive the following balance equation for the momentum. You may assume that water
is a Newtonian fluid, the flow is well developed, at steady state, and that any effect of
pressure can be ignored. [5 marks]

1
r
∂

∂r
(r τrz) = ρgz

d) Derive the following expression for the velocity profile of the fluid within the tube. [4 marks]

vz = −ρgz r 2

4µ
+

C1

µ
ln r + C2

where C1 and C2 are unknown integration constants.

e) Using the boundary conditions, solve for the constants C1 and C2. [2 marks]

f) After using the boundary conditions to solve for the constants C1 and C2, the velocity
profile was determined to be

vz =
ρgz R2

1

4µ

(
1 − r 2

R2
1

+
(
λ2 − 1

) ln (r/R1)
lnλ

)
+ U

(
1 − ln (r/R1)

lnλ

)
where λ = R2/R1. What is the average velocity of water in the annulus?
Note: You may need the integration identity∫

x ln(x) dx =
x2

2

(
ln(x) − 1

2

)
g) Given a flow system with dimensions of R1 = 10 mm and R2 = 11 mm, at what speed, U,

does the rod need to be moved upwards so that there is no net upwards or downwards
flow of the fluid? Water has a viscosity of µ = 8.9 × 10−4 Pa s and a density of ρ =
1000 kg m−3. The z-component of gravity is given by gz = −9.81 m s−2. The average
flow velocity in the annulus is given by

⟨vz⟩ =
ρgz R2

1

8µ

(
1 + λ2 − λ2 − 1

lnλ

)
+

U
λ2 − 1

(
λ2 − 1
2 lnλ

− 1
)

where λ = R2/R1. [2 marks]
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h) Given a flow system with dimensions of R1 = 50 mm and R2 = 51 mm, at what speed, U,
does the rod need to be moved upwards so that there is no net upwards or downwards
flow of the fluid? Water has a viscosity of µ = 8.9 × 10−4 Pa s and a density of ρ =
1000 kg m−3. The z-component of gravity is given by gz = −9.81 m s−2. [2 marks]

[Question total: 22 marks]

Question 3.24
Oil is used to lubricate two horizontal parallel circular plates by injecting it and allowing it to
flow radially outwards from the point of injection (see Fig. 11). The fluid is flowing radially
as there is a pressure difference of P1 − P2 between the inner and outer radii, r1 and r2

respectively. It can be assumed that the flow becomes fully developed at the radial position
r1.

Figure 11: Radial flow between two plates.

a) Simplify the continuity equation to demonstrate that r vr is a function of z only. [5 marks]

b) Derive the following equation from the momentum balance equation: [10 marks]

ρ vr
∂vr

∂r
= µ

(
2
∂2vr

∂r 2 +
2
r
∂vr

∂r
− 2 vr

r 2 +
∂2vr

∂z2

)
− ∂ p

∂r

Note: You should assume the fluid is Newtonian, and you must be careful during your
derivation and make sure you expand each term of τ with Newton’s law before cancella-
tion.

c) The momentum balance equation from the previous question has been solved for you
using the creeping flow assumption to give the following result [5 marks]:

vr = −r−1 ∆P
2µ ln(r2/r1)

(
z2 + C1 z + C2

)
Determine the integration constants C1 and C2 using the boundary conditions, and give
the final expression for the velocity profile.

[Question total: 20 marks]
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Figure 12: A diagram of a wire coating die for Q. 3.25.

Question 3.25
A wire-coating die consists of a cylindrical wire of radius, κR, moving horizontally at a

constant velocity, vwire, along the axis of a cylindrical die of radius, R. You may assume the
pressure is constant within the die (it is not pressure driven flow) but the flow is driven by the
motion of the wire (it is “axial annular Couette flow”). Neglect end effects and assume an
isothermal system.

a) State the two relevant boundary conditions for the flow within the die and how they arise.
[2 marks]

b) The stress profile for an annular system is of the following form

1
r
∂

∂r
r τrz = −∂p

∂z
+ ρgz .

Derive the following expression for the flow profile

vz =
vwire

lnκ
ln
( r

R

)
.

[9 marks]

c) Derive the following expression for the volumetric flow-rate of liquid through the die

V̇z = −π R2 vwire

(
κ2 +

1 − κ2

2 lnκ

)
.

[5 marks]
Note: You will need the integration identity∫

x ln(x) dx =
x2

2

(
ln(x) − 1

2

)
.

d) Derive an expression for the outer radius of the coating, Rcoat ., far away from the die exit.
[4 marks]

[Question total: 20 marks]

4 Week 4: Energy balances (heat conduction)
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Figure 13: A representation of a solid wire (right) used as a high-power transmission line
(left).

Question 4.26
A solid wire is being used to carry electrical current (see Fig. 13).

a) You may assume that heat is generated constantly within the volume of the wire at the
following rate,

σcurrent
energy =

I2

ke
.

Simplify the differential energy balance equation for this system to the following form,

1
r
∂

∂r
(r qr ) =

I2

ke

Ensure you clearly state any assumptions you make. [6 marks]

b) Derive the following expression for the heat flux within the wire, [4 marks]

qr =
I2

2 ke
r

c) Demonstrate that the temperature profile has the following form, [5 marks]

T − T0 =
I2 R2

4 ke k

(
1 − r 2

R2

)
.

where T0 arises from an assumption on the temperature at the surface of the wire.

d) Discuss if the assumptions you have made are realistic. [3 marks]

e) How might the surface boundary condition be improved? [2 marks]

[Question total: 20 marks]
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Question 4.27
An electric wire of radius 0.5 mm is made of copper (electrical conductivity ke = 5.1 ×
107 ohm−1 m−1 and thermal conductivity k = 380 W m−1 K−1). It is insulated to an outer
radius of 1.5 mm with plastic (thermal conductivity k = 0.35 W m−1 K−1). The volumetric
heat production σ, is given by σ = I2/ke where I is the current density A/m2. The ambient air
is at 38◦C and the heat transfer coefficient from the outer insulated surface to the surrounding
air is 8.5 W m−2K−1.

a) Determine the maximum current in amperes that can flow through the wire if no part of
the insulation may exceed 93◦C. [8 marks]

b) Demonstrate that the heat flux in the copper section of the wire is given by the following
expression:

qr =
I2

2 ke
r

[8 marks]

c) Solve for the temperature profile within the copper wire, assuming the outer surface of
the wire is at Tcrit .. [4 marks]

[Question total: 20 marks]

Question 4.28 Recommended
Again consider that we have a cylindrical wire of length L and radius R, generating heat at a
rate of I2/ke per unit volume. Using a simple (not differential!) energy balance over the whole
volume of the wire, what is the total heat generated Q? Compare this to the expression for
the heat flux q(r ) evaluated at the surface of the wire (r = R) which you derived in Q. 4.26.

[Question end]

Question 4.29
The temperature profile inside a nuclear fuel rod is needed as part of the design calculations
for a reactor. The rod is a cylinder with a radius, R, and is assumed to be composed of a
homogeneous fuel which is producing heat with the following profile:

σheat = σ0
(

1 + b
( r

R

)2
)

(10)

a) What assumption has been made to derive the energy balance equation below?

ρCp
∂T
∂t

= −ρCp v · ∇T −∇ · q − τ : ∇v − p ∇ · v + σenergy

[2 marks]

b) Simplify the energy balance equation to the following expression:

1
r
∂

∂r
(r qr ) = σenergy

Clearly state any assumptions you use. [8 marks]
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c) Derive the expression below for the heat flux from the simplified energy balance.

qr = σ0
(

r
2

+ b
r 3

4 R2

)
(11)

Clearly state any assumptions you use. [5 marks]

d) Derive the following expression for the temperature profile.

T − T0 =
σ0

k

(
R2 − r 2

4
+ b

R4 − r 4

16 R2

)
(12)

You will need to select an appropriate boundary condition and give the meaning of the
constant T0. [5 marks]

[Question total: 20 marks]

Question 4.30
To explore the effect of using a temperature-dependent thermal conductivity, consider heat

flowing through a pipe wall of inside radius R0 and an outside radius R1 (see Fig. 14). It
is assumed that thermal conductivity varies linearly with temperature from k0(T = T0) to
k1(T = T1) where T0 and T1 are the inner and outer wall temperatures respectively, giving
the following form,

k (T ) = k0 + (T − T0)
k1 − k0

T1 − T0
.

Figure 14: A diagram of conduction through an annular(pipe) wall for Q. 4.30.

a) Derive the following energy balance equation

∂

∂r
r qr = 0,

and state ALL assumptions required. [5 marks]

b) Derive the following expression for the temperature profile

Qr =
2π L

ln
(

R0
R1

) k1 + k0

2
(T1 − T0),

where L is the length of the pipe/annulus. [10 marks]
Note: You may need the following identity:

T 2
1 − T 2

0 = (T1 + T0)(T1 − T0).
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c) Find an expression for the heat transfer coefficient U A. Compare this expression to
the standard expression for conduction in pipe walls (with constant thermal conductiv-
ity), what can you observe and when is a temperature-dependent conductivity justified?

[5 marks]

[Question total: 20 marks]

Question 4.31 Recommended
Consider the flow of a Newtonian liquid between two plates, similar to Q.2.14, but now both
plates are maintained two different temperatures. We will attempt to take into account the
effect of temperature on the flow profile.

Figure 15: Flow through parallel plates.

You may assume that the viscosity, µ, of the liquid depends on temperature T according to
the following relationship:

µ(T ) =
µ0

1 + β(T − T0)

where T0 is a reference temperature, and µ0 and β are empirical constants. The fluid flows
under the influence of a pressure gradient ∆P/L between two flat plates, as shown in Fig. 15.
The walls are at temperatures T0 and T1, where T0 is the reference temperature, and T1 > T0.

a) Temporarily ignoring the motion of the fluid (v ≈ 0⃗), demonstrate that the temperature
can be taken to be a linear function of position:

T ≈ T0 + (T1 − T0)
y
H

b) Derive the stress profile and prove that it is equal to the expression below. Compare this
stress profile to the stress profile for flow between two plates, and for film flow on a plate.
What is unique about the stress profile?

τyx =
∆p H

L

( y
H

+ C1

)
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c) Assuming the temperature profile is indeed linear, derive the following velocity profile for
this system.

vx (y ) = −∆p H2

Lµ0

y
H

[
β(T1 − T0)

y2

3 H2 + (1 + C1 β [T1 − T0])
y

2 H
+ C1

]
(13)

where C1 is a dimensionless integration constant which you must determine.

d) Determine the flow-rate to pressure drop relationship.

e) Calculate the x-component of the force of the fluid on the bottom surface y = 0 per unit
area of the plate and compare it to the value on the top surface.

[Question end]

Question 4.32
In prilling towers, molten fertilizer slurry is dripped to form frozen spherical pellets called
prills. As a first approximation to understanding the heat transfer from the falling prills, con-
sider a heated sphere of radius, R, and fixed surface temperature, TR, suspended in a large,
motionless body of fluid.

a) Set up the differential equation describing the temperature, T , in the surrounding fluid as
a function of r , the distance from the center of the sphere. The thermal conductivity, k , of
the fluid is considered constant. [14 marks]

b) Integrate the differential equation and use these boundary conditions to determine the
integration constants: at r = R, T = TR; and at r = ∞, T = T∞. [8 marks]

c) From the temperature profile, obtain an expression for the heat flux at the surface. Equate
this result to the heat flux given by “Newton’s law of cooling” and show that a dimension-
less heat transfer coefficient (known as the Nusselt number) is given by,

Nu =
h D
k

= 2,

in which D is the sphere diameter. [12 marks]

[Question total: 34 marks]

5 Week 5: Combined heat transfer, dimensional analysis

Question 5.33 Recommended
The following integrated expressions for heat transfer in a plate and a pipe are available:

Qx =
k
X

A (Tinner − Touter ) Qr =
2π L k

ln (Router/Rinner )
(Tin − Tout ) (14)

An equivalent equation is required for spherical geometries.

a) What single assumption was made in the derivation energy balance equation (see Eq. (22))?

b) Simplify the energy balance equation, Eq. (22), to the following expression:

∂

∂r
r 2 qr = 0

Clearly state any assumptions you make along the way.
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c) Solve for the following equation for the heat flux in spherical shells.

qr =
k

r 2
(
R−1

inner − R−1
outer

) (Tinner − Touter )

d) Demonstrate that the resistance to heat transfer, for a spherical shell is given by the
following expression:

R =
1

UA
=

R−1
inner − R−1

outer

4 π k
Note: You will need to derive the expression for the overall heat flux, Qr , and then isolate
the R = 1(UA) term.

[Question end]

Question 5.34 Recommended
A spherical nuclear pellet, with an outer radius of 6 cm, is designed to produce 1kW of

heat through fission. The heat transfer from the pellet is limited by a 5 mm pyrolytic graphite
coating on the surface, which has a thermal conductivity of 240 W m−1 K−1. Underneath the
graphite is a 1 mm layer of Silicon Carbide reinforcement, which has a thermal conductivity
of 4 W cm−1 K−1. As the pellet is cooled by forced convection using a gas, the external
convective heat transfer coefficient is around 100 W m−2 K−1. If the ambient temperature is
150◦C, calculate the surface temperature at the interface between the core and the Silicon
Carbide.

Figure 16: The nuclear pellet described in Q. 5.34.

[Question end]

Question 5.35
Perform dimensional analysis on a pendulum of length l , mass m, under gravity g to better
understand the period of oscillation, t . How does the pendulum period change with changes
in its mass?
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Figure 17: A pendulum with mass m, length l , in gravity of g.

[Question end]

Question 5.36 Recommended
Consider laminar flow within a pipe. The only prior knowledge you should assume is that
the pressure drop must be a function of pipe diameter D, viscosity µ, density ρ, and average
velocity ⟨vz⟩, i.e.,

∆p/l = f (D, ρ,µ, ⟨vz⟩) .

a) Perform dimensional analysis on the pressure drop per unit length, ∆p/l , and determine
the relevant dimensionless groups. [10 marks]

b) Compare this to the exact solution, known as the Hagen-Poiseuille equation, as given
below.

V̇z = π

(
−∆p

l
+ ρgz

)
R4

8µ
.

Determine the form of the unknown function, f . [5 marks]

c) Comment on why dimensional analysis is so important. Also comment on why redundant
dimensionless groups arise (as an example, consider the relationship between friction
factor Cf and the Reynolds number). [5 marks]

[Question total: 20 marks]

Question 5.37
Carry out a dimensional analysis on the forced convection heat transfer coefficient, h, to
determine which are the fundamental dimensionless numbers involved. You may assume
the following general dependence

h = f
(
d , µ, k , ⟨v⟩, ρ, Cp

)
where d is the channel diameter (m), µ is the viscosity (Pa s), k is the thermal conductivity
(W m−1 K−1), ⟨v⟩ is the mean flow velocity (m s−1), ρ is the mass density (kg m−3), and Cp

is the specific heat capacity at constant pressure (kJ kg−1 K−1). [10 marks]

[Question total: 10 marks]
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Question 5.38 Recommended
Calculate the dimensionless heat transfer coefficient (Nu) for conductive heat transfer through
rectangular walls. Note: You will need to rephase the conductive resistance as a heat trans-
fer coefficient h.

[Question end]

Question 5.39
The heat loss from a pipe which is carrying a hot process fluid must be estimated to evaluate
if additional insulation is economically justified.

a) Starting from the general expression for steady-state conduction in cylindrical shells:
∂

∂r
r qr = 0 (15)

Derive the following expression for the heat flux in a cylindrical wall:

qr =
k

r ln (Router/Rinner )
(Tinner − Touter ) (16)

[8 marks]

b) Derive the following expression for the heat transfer resistance for conduction in a cyl-
indrical wall.

R =
ln (Router/Rinner )

2π L k
(17)

[3 marks]

c) The pipe carrying the process fluid has an inner diameter of 15 cm and a length of
50 m. The process fluid, flowing at 1 kg s−1, has a density of 800 kg m−3, a viscosity
of 2 × 10−3 Pa s, a heat capacity of 1.2 kJ kg−1 K−1, and a thermal conductivity of
0.15 W m−1 K−1.

i) Is the flow inside the pipe turbulent? [2 marks]
ii) Demonstrate that the forced convection heat transfer coefficient on the inside of the

pipe is approximately h ≈ 57 W m−2 K−1. [2 marks]
iii) The pipe has a carbon-steel wall which is 1 cm thick and has a thermal conductivity of

43 W m−1 K−1. The pipe is also insulated using a 1 cm layer of rock wool, which has
a thermal conductivity of 0.045 W m−1 K−1. The external heat transfer coefficient,
which includes radiation and natural convection, is estimated to be 5 W m−2 K−1.
Determine the overall heat flux through the pipe if the process fluid is at 80◦C and the
surroundings are at 10◦C. [5 marks]

[Question total: 20 marks]

Question 5.40
An electric heater of 0.032 m diameter and 0.85 m in length is used to heat a room. Calcu-

late the electrical input (i.e. the sum of heat transferred by convection and radiation) to the
heater when the bulk of the air in the room is at 24◦C, the walls are at 12◦C, and the surface
of the heater is at 532◦C. For convective heat transfer from the heater, assume the heater is
a horizontal cylinder and the Nusselt number is given by

Nu = 0.38(Gr)0.25

where all properties are evaluated at the film temperature. You may assume air is an ideal
gas, giving β = T−1. Take the emissivity of the heater surface as ϵ = 0.62 and assume
that the surroundings are black. All other properties should be calculated using the table
provided (see Table 1). [10 marks]
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T (K) µ (kg m−1 s−1) k (W m−1 K−1) ρ (kg m−3)
550 2.849 × 10−5 4.357 × 10−2 0.6418
600 3.017 × 10−5 4.661 × 10−2 0.5883
700 3.332 × 10−5 5.236 × 10−2 0.5043
800 3.624 × 10−5 5.774 × 10−2 0.4412
900 3.897 × 10−5 6.276 × 10−2 0.3922

Table 1: Physical properties of air at 1 atm for Q.5.40.

[Question total: 10 marks]

Question 5.41

A pebble-bed nuclear reactor at 69 bara is used to heat helium (4 g mol−1) as part of the
generation of electricity. The helium gas has a heat capacity at constant pressure of Cp =
5190 J kg−1 K−1, a dynamic viscosity of µ = 5.19 × 10−5 Pa s, and a thermal conductivity
of k = 0.405 W m−1 K−1 and flows at 15 m s−1. The pebbles have an outer radius of 3 cm
which consists of a 0.5 cm coating of graphite around the radioactive core.

a) Assuming helium may be treated as an ideal gas, demonstrate that the density of the gas
is 2.83 kg m−3. [3 marks]

b) Calculate the surface temperature of the particle if it is emitting 850 W of heat and the
surrounding helium is at 900 ◦C. The following expression for forced convective heat-
transfer around a sphere is available,

NuD = 2 + 0.47 Re1/2
D Pr0.36 for 3 × 10−3 < Pr < 10 and 102 < ReD < 5 × 104.

Radiation is neglible as all pellets have the same surface temperature, and the character-
istic length used in the Reynolds and Nusselt number is the sphere diameter. [12 marks]

[Question total: 15 marks]

Question 5.42
Consider an unshielded thermometer placed in a room (see Fig. 18). The walls of the house
are poorly insulated and the internal surfaces are at a temperature of 5◦C. If the thermometer
reads 20◦C and all surfaces have an emissivity of 0.9, what is the real temperature of the air?
You may assume a rough estimate of the natural convective coefficient as h ≈ 10 W m−2 K−1.

[10 marks]

Figure 18: An unshielded thermometer in a room with cold walls.

[Question total: 10 marks]
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Question 5.43 Recommended
The potential heat loss from a distillation column to the environment must be calculated
to determine if lagging (insulation) on the column is required. The proposed design of a
distillation column can be modelled to a rough approximation as a 12 m high cylinder with
a diameter of 0.7 m. Convection and radiation are assumed to be the limiting heat transfer
processes, so it can be assumed the column surface is at the internal operating temperature
of 60◦C. The minimum ambient air temperature should be used for the calculations in order
to design for a worst-case scenario
Aberdeen ambient temperature range: −10◦C to 20◦C.
Emissivity of oxidised steel: ε ≈ 0.657

T (◦C) ρ (kg m−3) Cp (kJ kg−1 K−1) k (W m−1 K−1) ν (×10−6 m2 s−1) Pr
-50 1.534 1.005 0.0204 9.55 0.725
0 1.293 1.005 0.0243 13.30 0.715

20 1.205 1.005 0.0257 15.11 0.713
40 1.127 1.005 0.0271 16.97 0.711
60 1.067 1.009 0.0285 18.90 0.709

Table 2: Properties of Air

a) Describe the physical interpretation of the Grashof number for natural convection. De-
scribe each of its terms and write down an equation for the temperature at which temperature-
dependent terms in Gr should be evaluated. [5 marks]

b) Show that the thermal expansion coefficient, defined as

β =
1
V
∂V
∂T

reduces to the following expression for an ideal gas

βig. =
1
T

Hint: Use the ideal gas equation! [2 marks]

c) Calculate the Grashof number and determine the convective flow regime. State any
assumptions you make. Remember to use the correct temperature for calculating the
properties of the flow! [5 marks]

d) Calculate the convective heat transfer coefficient for the column surface. Can you use
the expression for vertical plates directly? [9 marks]

e) Calculate the total heat lost to the environment including radiation. Compare the two
losses. [5 marks]

f) Do you think this heat loss justifies adding insulation or lagging to the outside of the
column? [1 marks]

g) Due to strict new environmental legislation, it is decided that the maximum acceptable
heat loss to the environment is 10 kW. Roughly calculate the maximum acceptable sur-
face temperature. [3 marks]

h) Comment on what steps would be required to improve the accuracy of the surface tem-
perature calculation in Q. g. [2 marks]

[Question total: 32 marks]
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Question 5.44
Write down the expressions for the Prandtl number. Define every term and describe the
physical interpretation of this dimensionless number.

[Question end]

Question 5.45
The wall of a furnace comprises three layers as shown in Fig. 19. The first layer is refractory
brick (whose maximum allowable temperature is 1400◦C) while the second layer is insulation
(whose maximum allowable temperature is 1093◦C). The third layer is a plate of 6.35 mm
thickness of steel (ksteel = 45 W m−1 K−1). Assume that the layers are thermally bonded.

Figure 19: Construction of a furnace wall.

Layer T = 37.8◦C T = 1093◦C
Brick 3.12 W m−1 K−1 6.23 W m−1 K−1

Insulation 1.56 W m−1 K−1 3.12 W m−1 K−1

Table 3: Thermal conductivities for Q. 5.45.

The temperature T0 on the inside of the refractory is 1370◦C, while the temperature on
the outside of the steel plate is 37.8◦C. the heat loss through the furnace wall is expected
to be 15800 W m−2. Determine the thickness of refractory and insulation that results in
the minimum total thickness of the wall. You may use the temperature dependent thermal
conductivities given in Table 3. [14 marks]

[Question total: 14 marks]

Question 5.46
The wall of a furnace was measured to be at a temperature of Tw = 60 ◦C when the ambient
air temperature is at T∞ = 10 ◦C. The wall is 3 m high, 5 m wide, and has a surface emissivity
of ε = 0.7. The properties of air are given in the table below.

µ 1.78 × 10−5 Pa s ρ 1.2 kg m−3

k 0.02685 W m−1 K−1 Cp 1.005 kJ kg−1 K−1

a) Determine the convective flow regime of the air, noting that the critical Grashof number
is Gr ≈ 4 × 108.
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b) Calculate the heat lost through the furnace wall. Remark on the relative magnitudes of
the two heat transfer mechanisms involved.

[Question end]

6 Week 6: Adv. radiation and heat transfer

Question 6.47

Consider a pot of boiling water placed on a radiant (halogen) cooking hob. As the water
is boiling, the surface temperature of the pot will be approximately the boiling temperature.
The pot is exposed to the atmosphere and the air/surroundings are at 20◦C.

Figure 20: The boiling pot problem.

a) Calculate the natural convective heat loss from the sides of the pot given that air has a
mean molar mass of MW ≈ 29 g mol−1, a dynamic viscosity of µ ≈ 1.8 × 10−5 Pa s, a
thermal conductivity of kair ≈ 0.0257 W m−1 K−1, and a Prandtl number of Pr ≈ 0.713.

[11 marks]

b) Assume that the total heat loss from the pan is 100 W due to evaporation and radiant heat
loss to surroundings. Calculate the radiant temperature of the hob/heat-source required
to counteract the heat loss. You may assume the pan and heat-source are black-bodies
for this calculation.

The view factor between two coaxial discs is

F1→2 = 0.5
(

S −
(
S2 − 4(rj/ri)2)0.5

)
where S = 1 +

(
1 + R2

j

)
/R2

i , and the reduced radii are Ri = ri/L and Rj = rj/L. Note L is
the gap between the discs, and (ri , rj) are the radii of the two discs. [6 marks]

c) What fraction of the heat radiated from the heater hits the pot? [3 marks]

[Question total: 20 marks]
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Question 6.48
The James webb telescope uses a radiation shield to reduce the heat it recieves from the
sun, earth, and moon (see Fig. 21). By what factor will the radiation be approximately
reduced by? How realistic is this estimate (what approximations are there)? Is this an over
or under estimate of the reduction in radiation? [5 marks]

Figure 21: A mock-up of the James Webb telescope, displaying its five-layered sunshield.

[Question total: 5 marks]

Question 6.49
What are the reciprocity relationship and the summation rule with respect to radiative heat
transfer? How are these useful?

[Question end]

Question 6.50
A 10 m pipe with a outer-radius of rpipe = 2.5 cm is to be insulated using a layer of insulation
with a thermal conductivity of k = 0.18 W m−1 K−1. You may assume that the external
convective heat transfer coefficient of the insulation is constant at h = 5 W m−2 K−1 and that
these two mechanisms are the only significant heat transfer resistances.

a) Write down the heat transfer equation for this system showing how the overall heat trans-
fer rate Q depends on k , rpipe, the outer radius of the pipe insulation rins., the pipe length L,
and the temperature difference ∆T between the pipe wall and the ambient air. [4 marks]
Note: The resistance to heat transfer in a cylindrical shell is:

R =
ln (router/rinner )

2π k L

b) Calculate the heat transfer rate for three thicknesses of insulation where the outer radius
of the insulation is rins. = 3.0 cm, 3.6 cm, and 4.2 cm). The surface temperature of the
pipe is 400◦C and ambient conditions are at 10◦C. [3 marks]

c) Explain why you observe a maximum in the heat transfer rate. [3 marks]

[Question total: 10 marks]
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Question 6.51
A black-body car is left in direct sunlight at midday which (at the lattitude of the UK) can be
approximated as a constant heat flux qsun = 1000 W m−2. The car’s surface temperature
reaches steady state with its surroundings and is approximately constant. The car has a
surface area of 26 m2 but only 8 m2 are exposed to sunlight.

a) Assuming that the ambient temperature is 15◦C and that radiation is the only heat trans-
fer mechanism, calculate the surface temperature of the car. Is the estimate realistic?

[5 marks]

b) Using the previous estimate for the surface temperature, estimate the heat flux due to
natural convection and comment on its magnitude. You may approximate the sides of
the car as a vertical wall 12 m wide and 1.5 m high. You may assume the following
properties of air at these conditions. State why natural convection from the top of the car
is insignificant when compared to the sides. [8 marks]

ρ (kg m−3) k (W m−1 K−1) µ (kg m−1 s−1) Cp (J mol−1 K−1) Avg. Mol.
Weight
(g mol−1)

1.225 0.026 1.827 × 10−5 29.19 29

c) Discuss how you might improve the accuracy of the calculations, and what the effect of
setting the car in motion will be. [2 marks]

[Question total: 15 marks]

7 Week 7: Transient heat transfer

Question 7.52

a) Chilled water flowing through brass tubes of 0.0126 m inside diameter and 0.0018 m
thickness cools a stream of air flowing outside of the tube. The film coefficients for the
air and water flows are 176 Wm−2 K−1 and 5660 W m−2 K−1 respectively and thermal
conductivity of the brass is 102 W m−1 K−1 (see Fig. 22).

Figure 22: The temperature profile through the pipe wall.
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i) Calculate overall heat transfer resistance Rtotal = (UA)−1
total . [6 marks]

ii) State what is the limiting heat resistance (i.e., what is the controlling heat transfer
mechanism). [2 marks]

iii) Calculate heat transferred per metre length of tube at the point where the bulk tem-
peratures of the air and water streams are 326◦C and 15◦C respectively. [2 marks]

b) The heat transfer coefficient for air flowing over a sphere is to be determined by observing
the temperature-time history of a sphere fabricated from pure copper. The diameter of
sphere is 17 mm. The sphere is at 86◦C before it is inserted into an airstream having a
temperature of 22◦C. A thermocouple on the outer surface of the sphere indicates 62◦C
at 116 seconds after the sphere is inserted into the airstream.
Note: The properties of copper at 347K are ρ = 8933 kg m−3, Cp = 389 J kg−1 K−1, and
k = 398 W m−1 K−1.

i) Calculate the heat transfer coefficient by assuming that the lumped capacitance
method is valid. [7 marks]

ii) Show that the Biot number supports the application of the lumped capacitance method.
[3 marks]

[Question total: 20 marks]

Question 7.53 Recommended
Two spheres are removed from a furnace and left to cool with air at 25◦C under relatively
low convection coefficient of 15 W·m−2·◦C−1. The spheres are made of copper, κCu = 401
W·m−1·◦C−1, and coal, κCoal = 0.2 W·m−1·◦C−1. Determine the maximum radius of each
sphere where the lumped capacitance method will still be applicable.

[Question end]

Question 7.54 Recommended
A steel ball of 5 cm in diameter and at uniform temperature of 450◦C is suddenly placed
in a controlled environment where temperature is kept at 100◦C. The prescribed convection
heat transfer coefficient is 10 W·m−2·◦C−1. Calculate the time required for the ball to reach
150◦C, given the following properties for steel: Cp = 0.46 kJ·kg−1·◦C−1, κ = 35 W·m−1·◦C−1

and ρ = 7.8 ×103 kg·m−3.

[Question end]

Question 7.55 Recommended
A long 20 cm diameter cylindrical shaft made of stainless steel 304 comes out of an oven at
a uniform temperature of 600◦C. The shaft is then allowed to cool slowly in an environment
chamber at 200◦C with an average heat transfer coefficient of 80 W·m−2·◦C−1. Determine
the temperature at the center of the shaft 45 min after the start of the cooling process. Also,
determine the heat transfer per unit length of the shaft during this time period. Given, for
stainless steel 304 at room temperature κ = 14.9 W·m−1·◦C−1, ρ = 7900 kg·m−3, Cp = 477
J·kg−1·◦C−1 and α = 3.95×10−6 m2·s−1

[Question end]
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Question 7.56 Recommended
A new material is to be developed for ball bearings (spheres of 5 mm of radius) in a new
rolling-element bearing. For annealing (heat treatment), each ball bearing is heated in a
furnace until it reaches thermal equilibrium at 400◦C. Then, it is suddenly removed from the
furnace and subjected to a two-step cooling process:

Stage 1: Cooling in an air flow of 20◦C for a period of time tair until the center temperature
reaches 335◦C. For this situation, the convective heat transfer coefficient of air is as-
sumed constant and equal to 10 W·m−2·K−1. After the sphere has reached this specific
temperature, the second step is initiated.

Stage 2: Cooling in a well-stirred water bath at 20◦C, with convective heat transfer coeffi-
cient of water of 6000 W·m−2·K−1.

The thermophysical properties of the material are ρ = 3000 kg·m−3, κ = 20 W·m−1·K−1 and
Cp = 1000 J·kg−1·K−1. Determine:

1. the time tair required for Stage 1 of the annealing process to be completed and;

2. the time twater required for Stage 2 of the annealing process during which the center of
the sphere cools from 335◦C (the condition at the completion of Stage 1) to 50◦C.

[Question end]

Question 7.57 Recommended
Carbon steel balls of 8 mm in diameter are thermally annealed. Firstly, by heating the balls
to 900◦C in a furnace and then allowing them to slowly cool to 100◦C in ambient air at 35◦C.

1. Assuming that the average convective heat transfer coefficient is 75 W/(m2·◦C), de-
termine how long the annealing process will take;

2. Also, if 2500 balls are to be annealed per hour, determine the total rate of heat transfer
(in W) from the balls to the ambient air.

Given: ρ = 7833 kg/m3, κ = 54 W/(m·◦C), Cp = 0.465 kJ/(kg·◦C), and α = 1.474×10−6 m2/s.

[Question end]

Question 7.58 Recommended
A long 35 cm diameter cylindrical shaft made of stainless steel 304 comes out of an oven
at a uniform temperature of 400◦C. The shaft is then allowed to cool slowly in a chamber at
150◦C with an average convection heat transfer coefficient of 60 W/(m2·◦C).

1. Determine the temperature at the center of the shaft 20 min after the start of the cooling
process;

2. Determine the heat transfer per unit-length of the shaft during this time period.

Given: κ = 14.9 W/(m·◦C), ρ = 7900 kg/m3, Cp = 477 J/(kg·◦C), and α = 3.95×10−6 m2/s.

[Question end]
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Question 7.59 Recommended
Apples are left in the freezer at -15◦C to cool from an initial uniform temperature of 20◦C. The
average convective heat transfer coefficient at the apples’ surfaces is 8 W/(m2·◦C). Treating
each apple as a 9 cm diameter sphere and taking their properties to be ρ = 840 kg/m3,
Cp = 3.81 kJ/(kg·◦C), κ = 0.418 W/(m·◦C), and α = 1.3×10−7 m2/s, determine the center
and surface temperatures of these apples after 1 hour. Also, determine the amount of heat
transfer from each apple.

[Question end]

Question 7.60
In order to cool a summer home without using a conventional air conditioner, air with a
thermal conductivity of λair = 0.026 W m−1 K−1 is routed through a plastic pipe of internal
diameter Di = 0.15 m, having a wall thickness of δ = 10 mm and thermal conductivity of
λplastic = 0.15 W m−1 K−1. The plastic pipe is submerged in a large body of water (i.e. a
lake) which is nominally at T∞ = 17 ◦C, and a convection coefficient ho = 1500 W m−2 K−1 is
maintained at the outer surface of the pipe. Air at a volumetric flow rate of Q = 0.03 m3 s−1

enters the pipe at a temperature of Ti = 29◦C, and an outlet temperature To = 21 ◦C is
desired. You can assume the air is incompressible with a density of ρair = 1.2 kg m−3 and a
viscosity of µair = 17.9 × 10−6 m2 s−1. Neglect the heat and momentum losses in the pipe
lengths other than the submerged part. Use the Moody chart on page 61 in the datasheet
of the exam to obtain the required friction factor and pressure drop expressions. Use the
correlations on page 62 to calculate the heat transfer coefficents (Nusselt number).

a) Using a differential energy balance, derive the following expression for the heat transfer
within the pipe.

T∞ − T
T∞ − Tin

= Exp
[
−U π D

ṁ cp
x
]

where Tin is the inlet temperature at x = 0. [6 marks]

b) What length of pipe must be submerged to achieve the desired outlet temperature?
[10 marks]

c) Considering the pipe to be aerodynamically smooth, calculate the power of the fan re-
quired to move the air through this length. You should note that power required is a
product of the pressure change and the volumetric flow, i.e., P = ∆p V̇ . [4 marks]

[Question total: 20 marks]

8 Week 8: Heat exchanger design

Question 8.61 Recommended
A single-pass, counter-flow shell-and-tube heat exchanger is required to operate as an oil
cooler with 316 tubes of internal diameter 0.016 m, outer diameter 0.018 m, and length
5.6 m. The oil flows in the tube side entering at a mass flow rate of 32 kg s−1 at a temper-
ature of 136◦C. Cooling water in the shell side enters at a mass flow rate of 33 kg s−1 at
a temperature of 10◦C. The shell side heat transfer coefficient is 850 W m−2 K−1; and the
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specific heat capacity of water is 4.187 kJ kg−1 K−1. The Nusselt number is approximately
related to the Reynolds and Prandtl numbers as follows

Nu = 0.025 Re3/4 Pr2/5 (18)

and the following property values apply: specific heat capacity of oil: 3.42 kJ kg−1 K−1; dens-
ity of oil: 900 kg m−3; dynamic viscosity of oil: 1.5 × 10−3 kg m−1 s−1; thermal conductivity
of oil: 0.15 W m−1 K−1; thermal conductivity of the steel pipe wall: 54 W m−1 K−1. Calculate:

a) The number of transfer units. [12 marks]

b) The effectiveness of the heat exchanger. [3 marks]

[Question total: 15 marks]

Question 8.62 Recommended
Hot oil is to be cooled in a double-tube counter-flow heat exchanger. Copper inner tubes
have diameter of 2 cm and negligible thickness. The inner diameter of the outer tube (shell)
is 3 cm. Water flows through the tube at a rate of 0.5 kg/s, and the oil through the shell
at a rate of 0.8 kg/s. Taking the average temperatures of the water and the oil to be 45◦C
and 80◦C, respectively, determine the overall heat transfer coefficient of this heat exchanger.
Given,

1. Water at 45◦C: ρ = 990 kg/m3, κ = 0.637 W/(m·K), Pr = 3.91, ν = µ/ρ = 0.602×10−6

m2/s;

2. Oil at 80◦C: ρ = 852 kg·m−3, κ = 0.138 W/(m·K), Pr = 490, ν = 37.5×10−6 m2/s.

The inner convective heat transfer coefficient, hi , can be obtained from

Nu =
hiDh

κ
=

{
4.36 (for laminar flows),
0.023ℜ0.8 Pr0.4 (for turbulent flows),

and the outer convective heat transfer coefficient, h0 is 75.2 W/(m2·K).

[Question end]

Question 8.63 Recommended
A double-pipe (shell-and-tube) heat exchanger is constructed of stainless steel, κ = 15.1
W/(m·K), inner tube of inner and outer diameters of 1.5 cm and 1.9 cm, respectively. The
outer shell has inner diameter of 3.2 cm. The convective heat transfer coefficient is 800
W/(m2·K) on the inner surface of the tube and 1200 W/(m2·K) on the outer surface. For a
fouling factor Rf ,i = 0.0004 m2·K·W−1 on the tube side and Rf ,o = 0.0001 m2·K·W−1 on the
shell side, determine:

1. The thermal resistance of the heat exchanger per unit length and;

2. The overall heat transfer coefficients, Ui and Uo based on the inner and outer surface
areas of the tube, respectively.

[Question end]
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Question 8.64 Recommended
A double-pipe heat exchanger is constructed of copper, κ = 380 W/(m·.◦C), with inner tube of
internal diameter of 1.2 cm and external diameter of 1.6 cm. The outer tube has diameter of
3.0 cm. The convection heat transfer coefficient is 700 W/(m2·◦C) on the inner surface of the
tube and 1400 W/(m2·◦C) on its outer surface. For a fouling factor Rf ,i = 0.0005 m2·◦C·W−1

on the tube side and Rf ,o = 0.0002 m2·◦C·W−1 on the shell side. Determine:

1. the thermal resistance of the heat exchanger per unit-length and,

2. the overall heat transfer coefficients (Ui and Uo) based on the inner and outer surface
areas of the tube, respectively.

[Question end]

Question 8.65 Recommended
Water at the rate of 68 kg/min is heated from 35◦C to 75◦C by an oil having a specific heat
of 1.9 kJ/(kg·◦C). The fluids are used in a counter-flow double-pipe heat exchanger, and the
oil enters the exchanger at 110◦C and leaves at 75◦C. The overall heat transfer coefficient is
320 W·m−2 ·◦ C−1. Given heat capacity of water (at constant pressure) of 4.18 kJ·kg−1 ·◦ C−1,

1. Calculate the heat exchanger area;

2. Now assume that the heat exchanger is a shell-and-tube with water making one shell
pass and the oil making two tube passes. Calculate the new heat exchanger area.
Assume that the overall heat transfer coefficient and total heat transfer remains the
same.

[Question end]

Question 8.66 Recommended

For the heat exchanger of question 8.65 with the same fluid temperatures at the inlet, calcu-
late the exit water temperature when only 40 kg/min of water is heated but the same quantity
of oil is used. Also calculate the total heat transfer under such new conditions.

[Question end]

Question 8.67 Recommended
In a binary geothermal power plant, the working fluid isobutane is condensed by air in a
condenser at 75◦C (hfg = 255.7 kJ/kg) at a rate of 2.7 kg/s. Air enters the condenser at 21◦C
and leaves at 28◦C. The heat transfer surface area based on the isobutane side is 24 m2.
Determine the mass flow rate of air and the overall heat transfer coefficient, given Cp,air =
1005 J/(kg·◦C).

[Question end]

Question 8.68 Recommended
A cross-flow air-to-water heat exchanger with effectiveness of 0.65 is used to heat water
with hot air. Water enters the heat exchanger at 20◦C at a rate of 4 kg/s, while air enters at
100◦C at a rate of 9 kg/s. If the overall heat transfer coefficient based on the water side is
260 W/(m2·◦C), determine the heat transfer surface area of the heat exchanger on the water
side. Assume both fluids are unmixed. Given Cp,water = 4180 J/(kg·◦C) and Cp,air = 1010
J/(kg·◦C).

[Question end]
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Question 8.69 Recommended
A shell-and-tube process heater is to be selected to heat water from 20◦C to 90◦C by steam
flowing on the shell side. The heat transfer load of the heater is 600 kW. If the inner diameter
of the tubes is 1 cm and the velocity of water is not to exceed 3 m/s, determine how many
tubes need to be used in the heat exchanger. Given Cp,water = 4180 J/(kg·◦C).

[Question end]

Question 8.70 Recommended
A counter-flow, concentric tube heat exchanger is designed to heat water from 20 to 80◦C
using hot oil, which is supplied to the annulus at 160◦C and discharged at 140◦C. The thin-
walled inner tube has diameter of 20 mm, and the overall heat transfer coefficient is 500
W/(m2·K). The design condition calls for a total heat transfer rate of 3 kW.

1. What is the length of the heat exchanger?

2. After 3 years of operation, performance is degraded by fouling on the water side of the
exchanger, and the water outlet temperature is just 65◦C for the same fluid flow rates
and inlet temperatures. What are the corresponding values of heat transfer rate, outlet
temperature of the oil, overall heat transfer coefficient, and water-side fouling factor, Rf

?

[Question end]

Question 8.71 Recommended
Saturated steam at 1 atm and 100◦C (hfg = 2257 kJ/kg) is condensed in a shell-and-tube
heat exchanger (one shell, two tube passes). Cooling water enters the tubes at 15◦C with an
average velocity of 3.5 m/s. The tubes are thin walled and made of copper with a diameter
of 14 mm and length of 0.5 m. The convective heat transfer coefficient for condensation on
the outer surface of the tubes is 21.8 kW/(m2·K). Determine:

1. the number of tubes/pass required to condense 2.3 kg/s of steam;

2. the outlet water temperature and;

3. the maximum possible condensation rate that could be achieved with this heat ex-
changer using the same water flow rate and inlet temperature.

Given properties of:

• Saturated steam flow: Tsat=100◦C and hfg = 2257 kJ/kg;

• Cooling water: ρ = 998 kg/m3, Cp = 4181 J/(kg·K), µ = 959×10−6 N·s·m−2, κ = 0.606
W/(m·K) and Pr = 6.62.

Also, cooling water convective heat transfer should be obtained from,

Nu = 0.023 ℜ0.8
1/3
Pr

[Question end]
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Question 8.72 Recommended
A finned-tube heat exchanger (Figure 23) is used to heat 2.36 m3/s of air at 1 atm from
15.55◦C to 29.44◦C. Hot water enters the tubes at 82.22◦C, and the air flows across the
tubes, producing an average overall heat transfer coefficient of 227 W·m−2 ·◦ C−1. The total
surface area of the exchanger 9.29 m2. Calculate the exit water temperature and the heat
transfer rate. Assume air behaves as an ideal gas, i.e.

ρ =
PMW
RT

,

with molar mass of MW = 28.97 g · mol−1, gas constant R = 82.0573 cm3·atm·K−1 · mol−1

and heat capacity at constant pressure of 1005 J·kg−1·K−1.

Figure 23: Cross-flow heat exchanger with unmixed fluids (question 8.72).

[Question end]

Question 8.73 Recommended

a) A twin-tube counterflow heat exchanger (Fig. 24) operates with air flow rates of 0.003 kg s−1

for both hot and cold streams. The cold stream enters the heat exchanger at 280 K and
must be heated to 340 K using hot air that enters the domain at 360 K. The average
pressure of the airstreams is 1 atm and the maximum allowable pressure drop for the
cold airstream is of 10 kPa. The tube walls may be assumed to act as fins, each with an
efficiency of 100%.

(i) Determine the effectiveness and Number of Transfer Units (NTU); [5 marks]

(ii) Find the tube diameter D and L that satisfy the prescribed heat transfer and pres-
sure drop requirements. In case you have not managed to solve part (ai), you may
assume ϵ = 0.7; [15 marks]

(iii) Calculate the heat transfer coefficient. In case you have not managed to solve part
(ai) and (aii), you should assume D = 9 × 10−3 m and L = 2.6 m. [5 marks]

Given:
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Figure 24: Twin-tube counterflow heat exchanger.

• Thermophysical properties of air: ρ = 1.128 kg m−3; Cp = 1.007 kJ (kg K)−1; µ =
18.93 × 10−6 m2s−1; κ = 0.0270 W (m K)−1; Pr = 0.7056;

• Tube Reynolds number: ReD = 4ṁ(πDµ)−1, where ṁ is the mass flow rate;

• Colburn correlation for turbulent and fully developed flow: NuD = hDκ−1 = 0.023Re0.8
D Pr 1/3;

• Pressure drop for fully developed flow: ∆P = fρu2
mL(2D)−1, where um

(
= 4ṁ

ρπ D2
4

)
is

the mean flow velocity, and f
(

= [(0.79 ln (ReD) − 1.64)]−2 , for 3000≤ ReD ≤ 5×
106

)
is the Moody friction factor;

• The effectiveness relation for this heat exchanger is NTU = ϵ/(1 − ϵ).

b) Steel balls of 12 mm in diameter are annealed by heating to 1150 K and then slowly
cooled to 400 K in an air environment

(
T∞ = 325 K and h = 20 W m−2K−1

)
. Estimate the

time required for the cooling process. Given thermophysical properties of steel: κ = 40
W(m K)−1, ρ = 7800 kg m−3 and Cp = 600 J(kg K)−1. [8 marks]

[Question total: 33 marks]

Question 8.74

a) A granite sphere of 15 cm in diameter and at uniform temperature of 120◦C is suddenly
placed in a controlled environment where temperature is kept at 30◦C. Average convect-
ive heat transfer coefficient is 350 W m−2 K−1. Calculate the temperature of the granite
sphere at a radius of 4.5 cm after 21 minutes. Given properties of granite: k = 3.2 W
m−1 K−1 and α = 13 × 10−7 m2 s−1. [7 marks]
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b) Saturated steam is flowing at a rate of 2.3 kg s−1 with a pressure of 1 atm and temperature
of 100◦C is condensed in the shell of a shell-and-tube heat exchanger (one shell, two tube
passes). Cooling water enters the tubes at 15◦C with an average velocity of 3.5 m s−1.
The tubes are thin walled and made of copper with a diameter of 1.4×10−2 m and length
of 0.5 m. The convective heat transfer coefficient for condensation on the outer surface
of the tubes is 21.8 kW m−2 K−1. Determine:

i) Rate of heat transfer (in W) in the heat exchanger: [1 marks]

ii) Overall heat transfer coefficient
(

in kW m−2 K−1
)

: [3 marks]

iii) Number of tubes/pass required the steam and the total surface area. If you have
not solved (i) and/or (ii), you should assume U=7300 W m−2 K−1 and/or Q̇ = 5 MW;

[5 marks]

iv) Outlet water temperature; [2 marks]

v) The maximum possible condensation rate that could be achieved with this heat ex-
changer using the same water flow rate and inlet temperature. [2 marks]

Given properties of:

• Saturated steam flow: Tsat=100◦C and hfg = 2257 kJ kg−1;

• Cooling water: ρ = 998 kg m−3, Cp = 4181 J kg−1 K−1, µ = 959 × 10−6 N s m−2,
k = 0.606 W m−1 K−1 and Pr = 6.62.

Also, cooling water convective heat transfer coefficient should be obtained from the
Dittus-Boelter correlation:

Nu = 0.023 Re0.8Pr 1/3.

Also, note that the heat capacity rate C = ṁCp of a fluid condensing or evaporating in a
heat exchanger is infinity.

[Question total: 20 marks]

Question 8.75

a) In a manufacturing facility, 10 cm diameter brass balls initially at 121◦C are quenched in
a water bath at 49◦C for a period of 2 min and at a rate of 120 balls per minute. If the
average convective heat transfer coefficient is 238 W m−2◦ C−1, determine:

i) Temperature of the balls after quenching, and; [5 marks]

ii) Rate (in kW) at which heat needs to be removed from the water in order to keep its
temperature constant at 49◦C. [5 marks]

Given properties of brass: k = 111 W m−1◦K−1, ρ = 8552 kg m−3 and Cp = 285 J kg−1◦K−1

b) Consider an oil-to-oil double-pipe heat exchanger whose flow arrangement is not known.
The temperature measurements indicate that the cold oil enters at 20◦C and leaves at
55◦C, while the hot oil enters at 80◦C and leaves at 45◦C.

i) Is this parallel-flow or counter-flow heat exchanger? What makes it only possible to
be one type? [5 marks]

ii) Assuming the mass flow rates of both fluids to be identical, determine the effective-
ness of this heat exchanger. [5 marks]
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c) A cross-flow air-to-water heat exchanger with effectiveness of 0.65 is used to heat water
with hot air. Water enters the heat exchanger at 20◦C at a rate of 5 kg s−1, while air enters
at 100◦C at a rate of 12 kg s−1. If the overall heat transfer coefficient based on the water
side is 200 W m−2◦C−1, determine the heat transfer surface area of the heat exchanger on
the water side. Given Cp,water = 4180 J kg−1◦C−1 and Cp,air = 1010 J kg−1◦C−1. [9 marks]

[Question total: 29 marks]

9 Week 9: Non-newtonian flow

Question 9.76 Recommended
A new type of one-coat spray paint is being developed which flows to precisely the minimum
thickness required for a uniform coat. To achieve this property, the paint must effectively be
a Bingham plastic.

a) Balance the total gravitational force (ρgy ) against the viscous force on a vertical plate to
derive the following force balance for the stress at the wall surface:

τboundary = Zρgy

b) Assuming that the paint has a density of 900 kg m−3, what yield stress (τ0) is needed to
ensure the paint has a maximum static thickness of 2 mm?

c) (Exam format of the above question) A new type of one-coat spray paint is being
developed which flows to precisely the minimum thickness required for a uniform coat.
To achieve this property, the paint must effectively be a Bingham plastic. Assuming that
the paint has a density of 900 kg m−3, what yield stress (τ0) is needed to ensure the paint
has a maximum static thickness of 2 mm? You may need the following identity for the
stress at the wall, [5 marks]

τboundary = Yρgy .

[Question total: 5 marks]

Question 9.77 Recommended
When manufacturing a plastic toy, a polypropylene melt with a density of 739 kg m−3 is to
be extruded through a pipe with a length of 1 m and a diameter of 2.5 cm into a die. A shear
rate of 1000 s−1 is expected at the die lips and experiments at this shear rate have measured
an apparent viscosity of 10 N s m−2.

a) A Power-Law model with an exponent of n = 0.35 is thought to be a suitable model for
the viscous behaviour. Assuming this is true, determine the consistency coefficient k and
write down the rheological stress-strain equation for the fluid. [3 marks]

b) What is the type of this fluid and how will it respond to increasing rates of shear? Describe
this using the concept of the apparent viscosity. [2 marks]

c) Sketch two graphs to illustrate the differences between the velocity profile of this fluid and
a Newtonian fluid, and between this fluid and a Bingham plastic fluid. [5 marks]
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d) Derive the following expression for the Reynolds number in Power-Law fluids.

ReMR =
8 ρ ⟨v⟩2−n Rn

k

( n
3 n + 1

)n

Hint: the Metzner-Reed Reynolds number is defined through the friction factor relation,

Cf =
16

ReMR
.

The volumetric flow equation for a laminar power-law fluid is available in the datasheet
(see Eq. (23)). [7 marks]

e) If a volumetric flow rate of 0.1 m3 h−1 is required, determine if the flow is laminar in the
pipe and calculate the pressure drop. [3 marks]

[Question total: 20 marks]

Question 9.78
A non-Newtonian fluid flows through a 20 m length pipe with a diameter of 25 mm. Its
apparent viscosity is 0.1 N s m−2 at a shear rate of 1000 s−1 and its density is estimated to
be 1600 kg m−3.

a) If the flow index n is 0.33, show that the consistency k is 10 if the Power Law model
applies. Give the rheological equation for the fluid, state what type of fluid is this and how
will it respond to increasing rates of shear. [5 marks]

b) If a flow-rate of 1 m3 hr−1 is required, show that the flow would be laminar and calculate
the pressure drop. [10 marks]
Note: The definition of the Metzner-Reed Reynolds number for Power-Law fluids in pipes
is given by

ReMR = 8
( n

6 n + 2

)n ρ ⟨v⟩2−n Dn
H

k

c) Roughly sketch the flow profile for this fluid comparing it to the sketch of a Newtonian
fluid and a Bingham-plastic fluid. Explain the differences between the profiles. [5 marks]

[Question total: 20 marks]

Question 9.79
An incompressible polymeric fluid is to flow through 10 m of 50 mm inner-diameter piping.
The flow index, n, for the fluid is 0.3 and the apparent viscosity, µ, at a shear rate of 1000 s−1

is 0.1 Pa s.

a) What type of fluid is this? Give a general description of its viscosity and include a sketch
of the stress-rate versus strain graph and give the numerical expression for the stress τxy .

[8 marks]

b) Assuming the flow is laminar, what is the frictional pressure loss if the volumetric flow rate
required at the end of the pipe is 0.005 m3 s−1? [5 marks]

c) Using the Metzner-Reed Reynolds number, would you expect the flow in the pipe to be
laminar or turbulent? The standard transition value for the Reynolds numer applies and
you may assume a fluid density of 1500 kg m−3. [4 marks]

d) How does the velocity profile in this pipe compare to one carrying a Newtonian fluid?
Illustrate your answer with an appropriate diagram. [3 marks]

[Question total: 20 marks]
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Question 9.80 Recommended
Consider the flow profile of a incompressible, Newtonian fluid through a horizontal annnulus
(see Fig. 25).

Figure 25: Axial flow in an annulus (pipe in pipe).

The velocity profile was derived in Q.3.20, and is given by the following equation.

vz = −∆p R2

4 Lµ

(
r 2

R2 − κ2 − 1
logκ

log
( r

R

)
− 1

)
a) Derive the following expression for the volumetric flow rate as a function of pressure drop.

V̇z =
π∆p (1 − κ2) R4

8 Lµ

[
1 + κ2 +

(
1 − κ2

)
logκ

]

Hint: You may need the following identity obtained from integration by parts.∫
x log(x) dx =

x2 log(x)
2

− x2

4
+ C

b) Derive the following expression for the mean flow velocity, ⟨vz⟩.

⟨vz⟩ =
∆p R2

8 Lµ

[
1 + κ2 +

(
1 − κ2

)
logκ

]

c) One method to generalise the definition of the Reynolds number is to use a hydraulic
diameter, DH = 4 Aflow/Pw , in place of the diameter:

ReH ≡ ρ ⟨vz⟩ DH

µ

Use this definition to calculate the following expression for the Reynolds number of a
incompressible, Newtonian fluid through a horizontal annnulus:

ReH ≡ 2 ρ ⟨vz⟩ R (1 − κ)
µ
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d) Describe (not derive) how Metzer-Reed generalised the definition of the Reynolds num-
ber (what did they do to fix the definiton of Re)?

ReMR = −8 ρ ⟨v⟩2 Pw L
Aflow ∆p

Using this approach, derive the following expression for the Metzner-Reed Reynolds
number of a incompressible, Newtonian fluid through a horizontal annnulus.

ReMR = −2 ρ ⟨v⟩ R
µ

[
1 + κ2

1 − κ
+

1 + κ

logκ

]
e) Comment on the two definitions of the Reynolds numbers and discuss which is “better”?

[Question end]

10 Week 10: Diffusion

Question 10.81
Consider the dimensionless Lewis number:

Le =
k

ρCp DAB

What two transport processes are compared through this number and what does the limit
Le → ∞ correspond to?

[Question end]

Question 10.82 Recommended
Gaseous hydrogen at 10 bar and 27◦C is stored in a 140 mm outer-diameter tank having
a steel wall 2 mm thick and a height of 850mm. The molar concentration of hydrogen in
the steel is 1.5 kmol m−3 at the inner surface and neglible at the outer surface, while the
diffusion coefficient of hydrogen in steel is approximately 0.3 × 10−12 m2 s−1. What is the
rate of mass loss of hydrogen by diffusion per square meter of tank wall? Assume steady-
state, one-dimensional conditions.

a) Assuming the curvature of the tank is negligible (you can use rectangular coordinates),
show that the molar flux of hydrogen is constant through the wall.

NH2,z = NH2,0

b) Noting that the concentration of hydrogen in the steel wall is very low xH2 ≪ 1, determine
the concentration profile of hydrogen in the wall.

c) Calculate the total mass flow rate of hydrogen transported through the side walls of the
vessel (consider just the cylindrical sides).

d) It is determined that the effect of curvature must be included in the estimation of the mass
flux (we must use a cylindrical geometry). Derive the following expression for the flux

NH,r =
C1

r
and derive the following expression for the concentration profile of the hydrogen in the
steel wall.

CH2 = 5.17 × 104 ln
(

0.07
r

)
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e) Calculate the mass flux of hydrogen through the wall using the solution to the last ques-
tion.

[Question end]

Question 10.83
Helium gas at 100 bar and 20◦C is stored in a 140 mm outer-diameter vessel with a pyrex
wall 4 mm thick and a height of 850 mm. The molar concentration of helium in the pyrex
is 35 mol m−3 at the inner surface and negligible at the outer surface, while the diffusion
coefficient of helium in pyrex is approximately 0.2 × 10−12 m2 s−1.

a) Assuming the curvature of the tank is negligible (you can use rectangular coordinates)
and steady-state, one-dimensional conditions, show that the molar flux of helium is con-
stant through the wall. [3 marks]

NHe,z = NHe,0

b) The concentration of helium in the pyrex wall is very low xHe ≪ 1, allowing the use of
the simple form of Fick’s law. Determine the concentration profile of helium in the wall.

[4 marks]

c) Calculate the total mass flow-rate of helium transported through the side walls of the
vessel (consider just the cylindrical sides). [3 marks]

[Question total: 10 marks]

Question 10.84 Recommended
To maintain a pressure close to 1 atm, an industrial pipeline containing ammonia gas is
vented to ambient air. Venting is achieved by tapping the pipe and inserting a 3 mm diameter
tube, which extends for 20 m into the atmosphere. With the entire system operating at
25 ◦C and 1 bar, the ideal gas equation of state predicts a total molar concentration of
40.9 mol m−3. Equimolar counter-diffusion can be assumed, and both the concentration of
air in the pipeline and the concentration of ammonia in the atmosphere can be considered
negligible. The diffusion coefficient of ammonia through air is approximately 2×10−5 m2 s−1.

a) Determine the mass rate of ammonia (17 g mol−1) lost in to the atmosphere, NA, in kg/h
and the mass rate of contamination of the pipe with air (29 g mol−1), NB, in the same
units. [12 marks]

b) A new high-tech membrane, which is impermeable to air, is installed at the bottom of the
pipe to prevent air polluting the pipeline. The air within the tube is now stationary and
the mole fraction of ammonia at the surface of the membrane is xA(z = 0) = 0.9. Resolve
the problem again to determine the flux of ammonia.
Note: Stefan’s law (in mole fractions for ideal gases) is given by the following

NA,z = −DAB
CT

1 − xA

∂xA

∂z

[8 marks]

[Question total: 20 marks]
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Question 10.85 Recommended
A Winkelmann apparatus is used to measure the diffusivity of a substance, A, in air. It is
sketched in Fig. 26. To perform the experiment, a quantity of liquid A is placed at the bottom
of a test tube. The liquid evaporates to a vapour mole fraction of xA,sat at the liquid surface
(which is determined in a separate equilibrium experiment). The vapourised A then diffuses
up the tube where it is removed by a steady flow of air. As A is removed, the liquid level in
the tube drops and by monitoring it’s rate of change the total diffusive flux can be calculated.
We can assume the diffusion profile is at steady state if the rate of evaporation is slow. We
also assume the vapours of air and A form an ideal gas, so density is constant inside the
tube.

Figure 26: A winklemann experiment.

a) Derive the following differential balance equation governing the diffusion of mass in the
system. Remember to state any assumptions you make.

∂

∂z
NA,z = 0

[5 marks]

b) Write down the boundary conditions of the system and state which class of diffusion
problem this is. [3 marks]

c) Derive Stefan’s law, given below, from the general expression for the diffusive flux. [4 marks]

NA,z = −DA,air
C

1 − xA

∂xA

∂z

d) Derive the following expression for the mole fraction profile xA in the system. [8 marks]

xA = 1 − (1 − xA,sat )1−z/L

using the identity

∂NA,z

∂z
= 0

e) The derivative of the mole fraction in position is

∂xA

∂z
=

ln (1 − xA,sat ) (1 − xA,sat )1−z/L

L
Derive the following expression for the flux of A, NA,z , at any location in the tube. [3 marks]

NA,z = −DA,air
C
L

ln (1 − xA,sat )
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f) The mysterious ingredient 7X in a popular drinks beverage evaporates to a mole fraction
of 0.02 in air at standard temperature and pressure (20 ◦C and 1 atm). In a Winkelmann
experiment, the level is dropping at a rate of 1 mm min−1 when the diffusing height is
5 cm. Determine the diffusion coefficient of 7X through air. You may assume the vapours
of 7X and air form an ideal gas and that liquid 7X has a density of 18 kmol m−3. [5 marks]

[Question total: 28 marks]

Question 10.86

a) Define the Schmidt number, what does this dimensionless number tell you about the
transport processes in a fluid? [2 marks]

b) A hemispherical lump of sugar, initially of radius R = 0.005 m, is dropped into a cup of tea,
quickly coming to rest on the bottom of the cup as shown in Fig. 27. The sugar lump then
slowly dissolves into the tea. The diffusion coefficient of sugar in tea is 4 × 10−10 m2 s−1.
The saturation mole fraction of sugar in tea is 0.1 and the total molar density of the system
is c = 55 × 103 mol m−3.

Figure 27: The lump of dissolving sugar.

i) Derive the following differential balance equation for the system.

∂

∂r
r 2 Ns,r = 0

[5 marks]

ii) Determine the boundary conditions. [2 marks]

iii) Assuming the tea is stagnant, derive the following expression for the variation of the
sugar mole fraction in the water.

xs = 1 − 0.90.005/r

You may need the identity:∫
(1 − x)−1 dx = − ln(1 − x) + C

[11 marks]

[Question total: 20 marks]
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Question 10.87
Consider a spherical coal particle undergoing combustion. Combustion of solids is typically
limited by the rate at which oxygen can get to the combusting surface. As the reaction is
oxygen limited, we assume that as soon as oxygen reaches the coal surface it is instantly
converted to carbon monoxide (CO).

2 C + O2 → 2 CO

You can assume that there is no oxygen at the surface of the coal particle xO2(r = R) = 0,
and a oxygen mole fraction of 21% at a large distance from the particle xO2(r → ∞) = 0.21.
You can also assume steady state conditions, a constant temperature and pressure, and
that all gases are ideal gases and mixtures.

a) Specify and simplify the balance equation for the oxygen in this system.

b) Derive the following expression for the oxygen flux.

NO2,r = − D CT

1 + xO2

∂xO2

∂r

c) Using the expression for the oxygen flux and the balance for the oxygen flux, solve for
the concentration profile of oxygen around the particle.

d) What can you use the information you’ve derived for?

[Question end]

Question 10.88
Consider a spherical aggregate (or ball) of bacterial cells (assumed to be homogenous) of
radius R. Under certain circumstances, the oxygen metabolism rate of the bacterial cells
is an almost constant reaction (zero-order) with respect to the oxygen concentration σO2 =
−kO2. The diffusion of oxygen within the ball may be described by Fick’s law with an effective
pseudobinary diffusivity for oxygen in the bacterial medium of DO2−M . Neglect transient and
convection effects because the oxygen solubility is very low in the system. Let C(R)

O2
be the

oxygen mass concentration at the aggregate surface:

a) Show all of your working and state all assumptions made while demonstrating that the
oxygen balance for the system,

∂ CO2

∂t
= −∇ · NO2 + σO2,

simplifies to the following expression,

∂

∂r
(
r 2 NO2, r

)
= −kO2 r 2.

[4 marks]
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b) Demonstrate that the oxygen flux obeys the following relationship:

NO2, r = −kO2 R2
(

r
3 R2 +

C1 R
6 r 2

)
where C1 is an unknown constant. [4 marks]

c) Demonstrate that the concentration profile obeys the following form in the limit that the
O2 concentration is small:

CO2 =
kO2 R2

6 DO2−M

(
r 2

R2 − C1
R
r

)
+ C2

[4 marks]

d) Using the only available boundary condition, determine C2 and demonstrate that the final
expression for the concentration is:

CO2 =
kO2 R2

6 DO2−M

(
r 2

R2 + C1

(
1 − R

r

)
− 1

)
+ C(R)

O2

[4 marks]

e) It is possible that the spherical bacterial ball has an oxygen-free core (CO2 = 0 for r ≤
rcore). Prove that this only happens for:

kO2 R2

DO2−M C(R)
O2

≥ 6

Hints: As the concentration and diffusive flux are continuous, they both must go to zero
at the core radius rcore. Use this to solve for C1, then solve for rcore and consider what is
required if rcore ≥ 0. [4 marks]

[Question total: 20 marks]

Question 10.89
A water purifying tablet is dropped into a bottle and comes to rest on the bottom as illus-
trated in Fig. 28. It quickly saturates all the water in its local vicinity to a mole fraction of
0.02 mol/mol while a large distance from the tablet we can assume the water is pure. To
simplify the problem, we assume the radius of this saturated region is the same as the tablet
size, which is R = 1 cm. The tablet then slowly dissolves, limited by the diffusion of mater-
ial from this saturated region. The diffusion coefficient of the purifying chemical in water is
2 × 10−10 m2 s−1. The total molar density of water is c = 55 × 103 mol m−3.

a) Starting from the molar balance equation,

∂CA

∂t
= −∇ · NA + σA

derive the following differential balance equation for the system.

∂

∂r
r 2 Ns,r = 0

Be sure to state any and all assumptions made during your derivation. [5 marks]
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Figure 28: The dissolving tablet just as it begins to dissolve and the resulting saturated zone
of radius R.

b) Solve the differential equation to give the following result:

Dsw c ln(1 − xs) = −C1

r
+ C2

You may need the identity: ∫
(1 − x)−1 dx = − ln(1 − x) + C

[5 marks]

c) Determine the unknown constants, C1 and C2, by using the boundary conditions of the
known concentrations at r = R and r → ∞. Calculate the total flux of purifying chemical
from the tablet into the water. You should note the surface area of a sphere is Asphere =
4π r 2. [5 marks]

d) An experiment is performed and it is noticed that the tablet dissolves at a faster rate than
predicted by the model. Explain why this might be the case and in particular describe the
concept of the eddy diffusivity. [5 marks]

[Question total: 20 marks]
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11 Example multi-choice questions
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Figure 29: Non-newtonian flow profiles compared against the newtonian flow profile.

1) In Fig. 29, which profile corresponds to a shear thinning fluid? [2 marks]

2) In Fig. 29, which profile corresponds to a viscoplastic fluid? [2 marks]

3) Which profile in Fig. 29 corresponds to a shear thickening fluid? [2 marks]

4) Which profile in Fig. 29 corresponds to a Bingham-plastic fluid? [2 marks]

5) Which fluid types illustrated using the flow profiles in Fig. 29 cannot be fitted using a
power-law model? [2 marks]

6) What are the value(s) of the flow index n in the Power-law model for a shear thickening
fluid? [2 marks]

A) n < 0

B) n < 1

C) n = 1

D) n > 1

7) Which value(s) of the flow index n in the Power-law model corresponds to a Newtonian
fluid? [2 marks]

A) n < 0.

B) n < 1.

C) n = 1.

D) n > 1.

8) The Prandtl number is a ratio of which two properties? [2 marks]

A) Inertial and viscous forces.

B) Momentum diffusivity and thermal diffusivity.

C) Buoyancy forces and thermal diffusivity.

D) Heat capacity and thermal diffusivity.compile

9) What is the Nusselt number for conduction through a plate of thickness L and conductivity
k? [2 marks]
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A) Nu = 1

B) Nu = k/L

C) Nu = C Ren Prm

D) Nu = L/(k A)

10) The Grashof number is a ratio of what two properties? [2 marks]

A) Drag and viscous forces

B) Momentum diffusivity and thermal diffusivity

C) Buoyancy forces and thermal diffusivity

D) Buoyancy forces and viscous forces

Figure 30: A typical boiling heat flux versus driving temperature difference curve.

11) Which region of the boiling curve in Fig. 30 is the nucleate boiling regime? [2 marks]

12) Which region of the boiling curve in Fig. 30 is the radiative boiling regime? [2 marks]

13) Which region of the boiling curve in Fig. 30 is the operation of the boiler unstable?
[2 marks]

14) Which region or point should a boiler be operated in? [2 marks]

15) In radiation, object 1 is entirely surrounded by object 2. The area of object 1 is 15 m2,
while object 2 has a surface area of 58 m2. What is the view-factor of object 2 from the
point-of-view of object 1, i.e., F1→2? [2 marks]

A) F1→2 ≈ 0.259

B) F1→2 = 1

C) F1→2 =≈ 3.87

D) F1→2 = 0

16) At what temperature should the properties used in the Prandtl number be evaluated for a
pipe with a temperature drop across its length? [2 marks]

A) Inlet temperature

B) Average of the wall and bulk temperature
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C) Wall temperature

D) Centerline temperature

E) Average of inlet and outlet temperature

17) At what temperature should the properties used in the Prandtl number be evaluated at for
a isothermal vertical wall surrounded by a fluid which has another different temperature
far from the wall? [2 marks]

A) Inlet temperature.

B) Average of the wall and far fluid temperature.

C) Wall temperature.

D) Centerline temperature.

E) Average of inlet and outlet temperature.

18) Two liquids flowing together in a channel, what is NOT a valid boundary condition?
[2 marks]

A) Stress in each phase is equal at the interface

B) No-slip between the two phases at the interface

C) No stress at the interface

D) No-slip between the fluid(s) and the adjacent wall

19) Two liquids are in contact with a species diffusing between them. Which boundary con-
dition is inappropriate? [2 marks]

A) Stress in each phase is equal at the interface.

B) The concentration of the diffusing species in each phase is equal at the interface.

C) Temperature in each phase is equal at the interface.

D) No-slip between the two phases at the interface.

20) A vertical wall 3 m high is at a temperature of Tw = 60 ◦C and ambient air is at T∞ = 10 ◦C.
The properties of air are given in the table below.

µ 1.78 × 10−5 Pa s ρ 1.2 kg m−3

k 0.02685 W m−1 K−1 Cp 1.005 kJ kg−1 K−1

What is the Grashof number for this flow (select the nearest value)? [2 marks]

A) Gr ≈ 2 × 103

B) Gr ≈ 2 × 105

C) Gr ≈ 2 × 109

D) Gr ≈ 2 × 1011

E) Gr ≈ 2 × 1015

21) The James Webb space telescope uses a five-layer sunshield. To what extent is the
radiative flux received from the sun reduced? [2 marks]

A) All radiation is removed.
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B) 1/5th of the radiation passes through.

C) 1/6th of the radiation passes through.

D) 1/25th of the radiation passes through.

E) 1/60th of the radiation passes through.

22) If a fluid has a flow index of n = 1, what type of fluid is it? [2 marks]

A) Shear thickening.

B) Shear thinning.

C) Viscoplastic.

D) Newtonian.

E) Thixotropic.

23) A wall, composed of plasterboard, brick, and insulation, is both radiating and convecting
heat on one of its sides. The other side is at a constant temperature. What is the correct
expression for its overall heat transfer coefficient? [2 marks],

A) Rtotal = Rbrick + Rplasterboard + Rinsulation +
(
R−1

radiative + R−1
convective

)−1

B) R−1
total = R−1

brick + R−1
plasterboard + R−1

insulation + (Rradiative + Rconvective)−1

C) Rtotal = Rbrick + Rplasterboard + Rinsulation + Rradiative + Rconvective

D) R−1
total = Rradiative + Rconvective +

(
R−1

brick + R−1
plasterboard + R−1

insulation

)−1

24) The walls of your house have a overal heat transfer coefficient of U ≈ 0.5 W m−2 K−1. If
the temperature outside is 5 ◦C, and inside is 23 ◦C, what is the heat flux? [2 marks]

A) 0.009 kW m−2

B) 9 kW m−2

C) 18 W m−2

D) 0.18 kW m−2

25) What is not a valid boundary condition for an air-water interface? [2 marks]

A) Stress in each phase is equal at the interface.

B) No-slip between the two phases at the interface.

C) Approximate that there is no stress at the interface.

D) The velocity is zero at the interface.

26) Consider the inside of an annulus (the zone between two concentric pipes) where the
inner radius is 20% of the outer radius. What fraction of radiation emitted from the outer
surface falls on the outer surface? [2 marks]

A) 0.8

B) 0.2

C) 1.0

D) 0.0
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27) A viscoplastic fluid with a yield stress of τ0 = 5000 Pa is forced through a circular channel
with a diameter of 0.1 cm via a pressure gradient of 106 Pa m−1, what is the flowrate?

[2 marks]

A) 0 m3/hr.

B) ≈ 12 m3/hr.

C) ≈ 24 m3/hr.

D) 60 m hr−1.
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Part II

Datasheet from the exam
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DATASHEET

General balance equations:

∂ρ

∂t
= −∇ · ρv (Mass/Continuity) (19)

∂CA

∂t
= −∇ · NA + σA (Species) (20)

ρ
∂v
∂t

= −ρv · ∇v −∇ · τ −∇ p + ρg (Momentum) (21)

ρCp
∂T
∂t

= −ρCp v · ∇T −∇ · q − τ : ∇v − p ∇ · v + σenergy (Heat/Energy) (22)

In Cartesian coordinate systems, ∇ can be treated as a vector of derivatives. In curvelinear
coordinate systems, the directions r̂ , θ̂, and ϕ̂ depend on the position. For convenience in
these systems, look-up tables are provided for common terms involving ∇.

Cartesian coordinates (with index notation examples)
where s is a scalar, v is a vector, and τ is a tensor.

∇s = ∇is =
[
∂ s
∂x

,
∂ s
∂y

,
∂ s
∂z

]
∇2s = ∇i∇is =

∂2 s
∂x2 +

∂2 s
∂y2 +

∂2 s
∂z2

∇ · v = ∇ivi =
∂ vx

∂x
+
∂ vy

∂y
+
∂ vz

∂z
∇ · τ = ∇i τij

[∇ · τ ]x =
∂ τxx

∂x
+
∂ τyx

∂y
+
∂ τzx

∂z

[∇ · τ ]y =
∂ τxy

∂x
+
∂ τyy

∂y
+
∂ τzy

∂z

[∇ · τ ]z =
∂ τxz

∂x
+
∂ τyz

∂y
+
∂ τzz

∂z
v · ∇v = vi ∇i vj

[v · ∇v ]x = vx
∂ vx

∂x
+ vy

∂ vx

∂y
+ vz

∂ vx

∂z

[v · ∇v ]y = vx
∂ vy

∂x
+ vy

∂ vy

∂y
+ vz

∂ vy

∂z

[v · ∇v ]z = vx
∂ vz

∂x
+ vy

∂ vz

∂y
+ vz

∂ vz

∂z
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Cylindrical coordinates
where s is a scalar, v is a vector, and τ is a tensor. All expressions involving τ are for
symmetrical τ only.

∇s =
[
∂ s
∂r

,
1
r
∂ s
∂θ

,
∂ s
∂z

]
∇2s =

1
r
∂

∂r

(
r
∂s
∂r

)
+

1
r 2

∂2 s
∂θ2 +

∂2 s
∂z2

∇ · v =
1
r
∂

∂r
(r vr ) +

1
r
∂ vθ

∂θ
+
∂ vz

∂z

[∇ · τ ]r =
1
r
∂

∂r
(r τrr ) +

1
r
∂ τrθ

∂θ
− 1

r
τθθ +

∂ τrz

∂z

[∇ · τ ]θ =
1
r
∂τθθ
∂θ

+
∂ τrθ

∂r
+

2
r
τrθ +

∂ τθz

∂z

[∇ · τ ]z =
1
r
∂

∂r
(r τrz) +

1
r
∂τθz

∂θ
+
∂ τzz

∂z

[v · ∇v ]r = vr
∂vr

∂r
+

vθ

r
∂vr

∂θ
− v2

θ

r
+ vz

∂vr

∂z

[v · ∇v ]θ = vr
∂vθ

∂r
+

vθ

r
∂vθ

∂θ
+

vr vθ

r
+ vz

∂vθ

∂z

[v · ∇v ]z = vr
∂vz

∂r
+

vθ

r
∂vz

∂θ
+ vz

∂vz

∂z

Spherical coordinates
where s is a scalar, v is a vector, and τ is a tensor. All expressions involving τ are for
symmetrical τ only.

∇s =
[
∂ s
∂r

,
1
r
∂ s
∂θ

,
1

r sin θ

∂ s
∂ϕ

]
∇2s =

1
r 2

∂

∂r

(
r 2∂s
∂r

)
+

1
r 2 sin θ

∂

∂θ

(
sin θ

∂s
∂θ

)
+

1
r 2 sin2 θ

∂2 s
∂ϕ2

∇ · v =
1
r 2

∂

∂r
(
r 2 vr

)
+

1
r sin θ

∂

∂θ
(vθ sin θ) +

1
r sin θ

∂ vϕ

∂ϕ

[∇ · τ ]r =
1
r 2

∂

∂r
(
r 2 τrr

)
+

1
r sin θ

∂

∂θ
(τrθ sin θ) +

1
r sin θ

∂ τrϕ

∂ϕ
− τθθ + τϕϕ

r

[∇ · τ ]θ =
1
r 2

∂

∂r
(
r 2 τrθ

)
+

1
r sin θ

∂

∂θ
(τθθ sin θ) +

1
r sin θ

∂ τθϕ
∂ϕ

+
τrθ

r
− cot θ

r
τϕϕ

[∇ · τ ]ϕ =
1
r 2

∂

∂r
(
r 2 τrϕ

)
+

1
r
∂τθϕ
∂θ

+
1

r sin θ

∂ τϕϕ
∂ϕ

+
τrθ

r
+

2 cot θ
r

τθϕ

[v · ∇v ]r = vr
∂vr

∂r
+

vθ

r
∂vr

∂θ
+

vϕ

r sin θ

∂vr

∂ϕ
−

v2
θ + v2

ϕ

r

[v · ∇v ]θ = vr
∂vθ

∂r
+

vθ

r
∂vθ

∂θ
+

vϕ

r sin θ

∂vθ

∂ϕ
+

vr vθ − v2
ϕ cot θ

r

[v · ∇v ]ϕ = vr
∂vϕ

∂r
+

vθ

r
∂vϕ

∂θ
+

vϕ

r sin θ

∂vϕ

∂ϕ
+

vr vϕ + vθ vϕ cot θ
r
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Rectangular Cylindrical Spherical

qx −k ∂T
∂x qr −k ∂T

∂r qr −k ∂T
∂r

qy −k ∂T
∂y qθ −k 1

r
∂T
∂θ

qθ −k 1
r
∂T
∂θ

qz −k ∂T
∂z qz −k ∂T

∂z qϕ −k 1
r sin θ

∂T
∂ϕ

τxx −2µ∂vx
∂x + µB ∇ · v τrr −2µ∂vr

∂r + µB ∇ · v τrr −2µ∂vr
∂r + µB ∇ · v

τyy −2µ
∂vy
∂y + µB ∇ · v τθθ −2µ

(
1
r
∂vθ
∂θ

+ vr
r

)
+ µB ∇ · v τθθ −2µ

(
1
r
∂vθ
∂θ

+ vr
r

)
+ µB ∇ · v

τzz −2µ∂vz
∂z + µB ∇ · v τzz −2µ∂vz

∂z + µB ∇ · v τϕϕ
−2µ

(
1

r sin θ

∂vϕ
∂ϕ

+ vr +vθ cot θ
r

)
+µB ∇ · v

τxy −µ
(

∂vx
∂y + ∂vy

∂x

)
τrθ −µ

(
r ∂
∂r

( vθ
r

)
+ 1

r
∂vr
∂θ

)
τrθ −µ

(
r ∂
∂r

( vθ
r

)
+ 1

r
∂vr
∂θ

)
τyz −µ

(
∂vy
∂z + ∂vz

∂y

)
τθz −µ

(
1
r
∂vz
∂θ

+ ∂vθ
∂z

)
τθϕ −µ

(
sin θ

r
∂
∂θ

( vϕ
sin θ

)
+ 1

r sin θ
∂vθ
∂ϕ

)
τxz −µ

(
∂vx
∂z + ∂vz

∂x

)
τzr −µ

(
∂vr
∂z + ∂vz

∂r

)
τϕr −µ

(
1

r sin θ
∂vr
∂ϕ

+ r ∂
∂r

( vϕ
r

))
Table 4: Fourier’s law for the heat flux and Newton’s law for the stress in several coordinate
systems. Please remember that the stress is symmetric, so τij = τji .

Viscous models:
Power-Law Fluid:

|τxy | = k
∣∣∣∣∂vx

∂y

∣∣∣∣n (23)

Bingham-Plastic Fluid:

∂vx

∂y
=

{
−µ−1

(
τxy − τ0)

)
if τxy > τ0

0 if τxy ≤ τ0

Dimensionless Numbers

Re =
ρ ⟨v⟩ D

µ
ReH =

ρ ⟨v⟩ DH

µ
ReMR = −16 L ρ ⟨v⟩2

R ∆p
(24)

The hydraulic diameter is defined as DH = 4 A/Pw .
Single phase pressure drop calculations in pipes:
Darcy-Weisbach equation:

∆p
L

= −Cf ρ ⟨v⟩2

R
(25)

where Cf = 16/Re for laminar Newtonian flow. For turbulent flow of Newtonian fluids in
smooth pipes, we have the Blasius correlation:

Cf = 0.079 Re−1/4 for 2.5 × 103 < Re < 105 and smooth pipes.

Otherwise, you may refer to the Moody diagram.
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Figure 31: The Moody diagram for flow in pipes.

Laminar Power-Law fluid:

V̇ =
n π R3

3 n + 1

(
R
2 k

) 1
n
(
−∆p

L

) 1
n

Heat Transfer Dimensionless numbers:

Nu =
h L
k

Pr =
µCp

k
Gr =

g β ρ2 (Tw − T∞) L3

µ2

where β = V−1(∂V/∂T ), which for ideal gases is βig = 1/T .
Heat transfer: Resistances

Q = UT AT ∆T = R−1
T ∆T

Conduction Shell Resistances Radiation
Rect. Cyl. Sph.

R
X

k A
ln (Router/Rinner )

2 π L k
R−1

inner − R−1
outer

4π k

[
A ε σ

(
T 2

j + T 2
i

) (
Tj + Ti

)]−1

Radiation Heat Transfer:
Stefan-Boltzmann constant σ = 5.6703 × 10−8 W m−2 K−4.
Summation relationship,

∑
j Fi→j = 1, and reciprocity relationship, Fi→j Ai = Fj→i Aj . Radiation

shielding factor 1/(N + 1).

Qrad .,i→j = σ εFi→j Ai
(
T 4

j − T 4
i

)
= hrad . A (T∞ − Tw )

Natural Convection
The critical Grashof number for transition from laminar to turbulent flow for natural convection
is around Grcr ≈ 108 → 109.
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Ra = Gr Pr C m
< 104 1.36 1/5
104–109 0.59 1/4
> 109 0.13 1/3

Table 5: Natural convection coefficients for isothermal vertical plates in the empirical relation
Nu ≈ C (Gr Pr)m.

For isothermal vertical cylinders, the above expressions for isothermal vertical plates may
be used but must be scaled by a factor, F (i.e., Nuv .cyl . = F Nuv .plate):

F =

1 for (D/H) ≥ 35 Gr−1/4
H

1.3
[
H D−1 Gr−1

D

]1/4
+ 1 for (D/H) < 35 Gr−1/4

H

(26)

where D is the diameter and H is the height of the cylinder. The subscript on Gr indicates
which length is to be used as the critical length to calculate the Grashof number.
Churchill and Chu expression for natural convection from a horizontal pipe:

Nu1/2 = 0.6 + 0.387

 Gr Pr[
1 + (0.559/Pr)9/16

]16/9


1/6

for 10−5 < Gr Pr < 1012 (27)

Forced Convection:
Laminar flows:

Nu ≈ 0.332 Re1/2 Pr1/3 (28)

Well-Developed turbulent flows in smooth pipes:

Nu ≈ 0.023 Re4/5
D Prn (29)

where n = 0.4 if the fluid is being heated, and n = 0.3 if the fluid is being cooled.
Lumped capacitance method:

Bi =
h Lc

κ
Lc = V/A

When Bi < 0.1, the lumped capacitance method may be used:

T (t) − T∞

T0 − T∞
= e−bt b =

hAs

ρVCp

1-D Transient Heat Conduction:

Fo = τ =
αt
L2 α =

k
ρCp

,

where L = r for spheres or cylinders, and L is half the width for walls. When the Fourier num-
ber is greater than 0.2 and Biot number is greater than 0.1, the single-term approximation
solutions (below) or the charts of Heisler and Gröber may be used.
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θwall =
T (x , t) − T∞

Ti − T∞
= A1e−λ2

1τ cos
(
λ1x
L

)
θcyl =

T (r , t) − T∞

Ti − T∞
= A1e−λ2

1τJ0

(
λ1r
r0

)

θsph =
T (r , t) − T∞

Ti − T∞
= A1e−λ2

1τ
sin

(
λ1r
r0

)
λ1r
r0

Centerline temperatures (limit of x → 0 or r → 0 above):

θ0,wall = θ0,cyl = θ0,sph =
T0 − T∞

Ti − T∞
= A1e−λ2

1τ

Expressions for the heat flux(
Q

Qmax

)
wall

= 1 − θ0,wall
sinλ1

λ1(
Q

Qmax

)
cyl

= 1 − 2θ0,cyl
J1 (λ1)
λ1(

Q
Qmax

)
sph

= 1 − 3θ0,sph
sinλ1 − λ1 cosλ1

λ3
1

Overall Heat Transfer Coefficient:

Q̇ =
∆T
R

= UA∆T = UiAi∆T = UoAo∆T

R = Ri + Rwall + Ro =
1

hiAi
+

ln Do/Di

2πκL
+

1
hoAo

Fouling Factor:

R =
1

hiAi
+

Rf,i

Ai
+ Rwall +

Rf,o

Ao
+

1
hoAo

LMTD Method:

Q̇ = UAs∆Tlm with ∆Tlm =
∆T2 −∆T1

ln ∆T2
∆T1

=
∆T1 −∆T2

ln ∆T1
∆T2

Parallel flows:

{
∆T1 = Thot,in − Tcold,in

∆T2 = Thot,out − Tcold,out

Counter flows:

{
∆T1 = Thot,in − Tcold,out

∆T2 = Thot,out − Tcold,in

ϵ-NTU Method:

ϵ =
Q̇

Q̇max
, with Q̇max = Cmin (Thot,in − Tcold,in) and Cmin = Min {ṁhotCp,hot, ṁcoldCp,cold}

NTU =
UAs

Cmin
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Figure 32: Coefficients for the 1D transient equations.
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Figure 33:
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Figure 34:
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Figure 35:
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Extracted from Y.A. Cengel, “Heat Transfer: A Practical Approach”, 2nd Edition. 

Figure 10.8 

Figure 36: Correction-factors for LMTD Method, extracted from Y. A. Cengel, “Heat trans-
fer:A practical approach”, 2nd Ed.

Extracted from Y.A. Cengel, “Heat Transfer: A Practical Approach”, 2nd Edition. 

Figure 10.8 

Figure 37: Correction-factors for LMTD Method, extracted from Y. A. Cengel, “Heat trans-
fer:A practical approach”, 2nd Ed.
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Figure 38: NTU relations extracted from Y. A. Cengel, “Heat transfer:A practical approach”,
2nd Ed.

Extracted from Y.A. Cengel, “Heat Transfer: A Practical Approach”, 2nd Edition. 

Figure 10.13 

Figure 10.15 

Figure 39: NTU plots extracted from Y. A. Cengel, “Heat transfer:A practical approach”, 2nd
Ed.

Datasheet Page 69 of 70



Heat, Mass, and Momentum Transfer Marcus N. Bannerman

Diffusion Dimensionless Numbers

Sc =
µ

ρDAB
Le =

k
ρCp DAB

Diffusion
General expression for the flux:

NA = JA + xA

∑
B

NB

Fick’s law:

JA = −DAB ∇CA

Stefan’s law:

Ns,r = −D
c

1 − x
∂x
∂r

Ideal Gas

P V = n R T R ≈ 8.314598 J K−1 mol−1

Geometry

Pcircle = 2π r Acircle = π r 2 Asphere = 4π r 2 Vsphere =
4
3
π r 3

Acylinder = Pcircle L Vcylinder = Acircle L
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